Design and Analysis of Algorithms

CSCE 310): Data Structures & Algorithms

Space-Time Tradeoffs
Dr. Steve Goddard
goddard@cse.unl.edu

http:/lwww.cse.unl.edu/~goddard/Courses/CSCE310J

Design and Analysis of Algorithms - Chapter 7 1

Space-time tradeoffs

For many problems some extra spacereally pays off:
& extra spacein tables (breathing room?)

« hashing

¢ non comparison-based sorting

& input enhancement
« indexing schemes (eg, B-trees)
« auxiliary tables (shift tablesfor pattern matching)

& tablesof information that do all the work
« dynamic programming
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String searching - History

& 1970: Cook shows (using finite-state machines) that problem can be
solved in time proportional to n+m

& 1976 Knuth and Pratt find algorithm based on Cook’sidea; Morris
independently discovers same algorithm in attempt to avoid “ backing
up” over text

&

At about the same time Boyer and Moorefind an algorithm that
examines only a fraction of the text in most cases (by comparing
charactersin pattern and text from right to left, instead of left to right)

& 1980 Another algorithm proposed by Rabin and Karp virtually always
runsin time proportional to n+m and has the advantage of extending
easily to two-dimensional pattern matching and being almost as simple
asthe brute-force method.
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CSCE 310): Data Structures & Algorithms

& Giving credit where credit isdue:

* Most of thelecture notes are based on the slides from

the Textbook’s companion website
— http://www.aw.com/cssuport/

« Some examples and slides are based on lecture notes
created by Dr. Ben Choi, Louisiana Technical University
and Dr. Chuck Cusack, UNL

« | have modified many of their slides and added new
slides.
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& pattern: a string of m charactersto search for
& text: a(long) string of n charactersto search in

& Bruteforcealgorithm:
1. Align pattern at beginning of text
2. moving from left to right, compar e each character of pattern to the
corresponding character in text until
— all charactersarefound to match (successful search); or
— amismatch is detected

3. whilepattern isnot found and thetext isnot yet exhausted, realign
pattern one position to theright and repeat step 2.
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£ A simplified version of Boyer-Moor e algorithm that retains
key insights:

« compare pattern charactersto text from right to left

« given a pattern, create a shift table that deter mines how
much to shift the pattern when a mismatch occurs (input
enhancement)
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How farto shift?

Look at first (rightmost) character in text that was compared. Three cases:
« Thecharacter isnot in the pattern

..... C.ooevvevvevnvnnnnenn.... (cnotinpattern)

BAOBAB

« Thecharacter isin the pattern (but not at rightmost position)
..... O..................... (Ooccursoncein pattern)
BAOBAB

..... A..................... (Aoccurstwicein pattern)
BAOBAB

« Therightmost characters produced a match

..... B

BACBAB

& Shift Table: Stores number of charactersto shift by depending on first
character compared
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BARD LOVED BANANAS
BAOBAB
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& Dynamic set (e.g., dictionary) operationsarerequired
by many applications:
1. Insert
2. Search
3. Delete
& A Hash Tableisan effective data structurethat can
provide
« Averagetime complexity of O(1) for the basic operations
« Worst case time complexity can be asbad asa linked list, O(n).
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& Constructed by scanning pattern befor e search begins
& Indexed by text and pattern alphabet
& All entriesareinitialized to length of pattern. Eg, BAOBAB:

A|B|C|D|E|F|G|H|I |J|K|ILIMNIOIP|IQR|S|T|UVIWX|Y|Z
6(6|6/6|6/6|6/6(6|6|6|6|/6/6/6|/6|6/6|6(6|/6/6/6|6(6(6

& For ¢ occurring in pattern, update table entry to distance
of rightmost occurrence of ¢ from end of pattern

£ We can do thisby processing pattern from L—R:
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& Based on sametwo ideas:
» compare pattern charactersto text from right to
left
* given a pattern, create a shift table that
deter mines how much to shift the pattern when
a mismatch occur s (input enhancement)
& Uses additional shift table with same idea applied
to the number of matched characters
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Hash Tahle

& Imaginethat we could assign a unique array index to every
possible key that could occur in an application.
« Locating, inserting, deleting elements could be done very easily and
quickly.
* However, the key space may be much too largetousean array ina
real system.
& A Hash Tableisageneralization of an ordinary array that does
not require one position for every possible key.
« Advantageous when # of keys actually stored << # keys possible
* Usesan array whose sizeis proportional to the# of keys stored
& Thekey isnot used astheindex!
& Instead, thearray index iscomputed, by a hashing function, using
thekey.
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& The purpose of hashingisto trandate (via the hash
function) an extremely large key spaceinto a
reasonable small range of integers (called the hash code
or the hash value).

& Hash Table

* Anarray H of indexes (hash code) O, ..., h-1
« Hash function hashCode(k) maps a key k into an integer in the
rangeO, ..., h-1
Each entry may contain one or more keys!
— That is, the hash function is a many-to-one function
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Hash Table Example

& Datak: 1055, 1492, 1776, 1812, 1918, and 1945
& Hash function
« hashCode(k) = 5k mod 8
& hashCode: key
: 1776

0:

1

2:

3: 1055

e 4:1492,1812 // Collision!
5: 1945

6: 1918

7
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Hash Tahle Problems

& The problem isthat two keys can have the same hash
code: collision
& What should we do?

1. Pick the hash function hashCode(k) to minimize the number of
collisions

2. Implement the hash tablein a way that allows keys with the
same hash value to also be stored
& Thefirst solution should be common sense, but often
difficult to do. Why?

& The second method isalmost always needed. Why?
& Two common collision resolution techniques:

1. Chaining or Closed Address Hashing

2. Open Addressing
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£ Wewant the hash code for each key in our set to be equally
likely to be any integer in therange, ..., h-1
& If n/hiisaconstant then

* O(1) key comparisons can be achieved, on average,
for successful search and unsuccessful search.

& Uniform distribution of the hash code depends on the
choice of the Hash Function
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& If thekey typeisinteger
« hashCode(k) = (ak) mod h
* Choose h asapower of 2,and h >=8
* Choosea=8Floor[h/23] + 5

& Or, let hashCode(k) = (k) mod pwherepisaprime
number closeto thetable size we want.
« Avoid powersof 2 and 10 for valuesof p
* Thisissometimes called the division method

& If thekey typeisstring of | characters, treat them as
sequence of integers, ky, Ky, Kg, ..., k|
« hashCode(K) = (a k, +a"tk, + ...+a k) mod h

& Usearray doubling whenever theload factor a=n/h
gets high, say 0.5 (wheren isthe number of elementsin
thetable)
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& HIi] isalinked list; hashCode(k) = 5k mod 8
& hashCode : key

- 1776

- 1055

- 1492 -, 1812

- 1945

- 1918

& Tosearch agiven key k, first computeits hash code, say
i, then search through thelinked list at H[i], comparing
k with the keys of the elementsin thelist.
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RAnalysis of Searching with

 Basic Operation: comparisons
« Assume computing a hash code equals a unit of comparison
« therearetotal of n elementsstored in thetable,
« each elementsisequally likely to be search
 Average number of comparison for an unsuccessful search (including
hashing) is A(n) = 1+ n/h = ©(1+a)
< Average cost of a successful search
*« Whenkeyi=1,...,n, wasinserted at theend of alinked list, each linked list
had average length given by (i — 1)/h
The expected number of key comparisons = 1 + comparisons made for
inserting an element at theend of alinked list
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& All elementsarestored in thearray of the hash table, rather than
using linked lists to accommodate collisions
« If thehash cell corresponding to the hash codeis occupied by a
different element,
« then a sequence of alternative locations for the current element is
defined (by rehashing)
& Rehashing by linear probing
« rehash(j) = (j+1) mod h
+ wherej isthelocation most recently probed,
« initially j =i, the hash code for k
& Rehashing by double hashing
« rehash(j,d)=(j +d)mod h
+ eg, d=hashincr(k) = (2k + 1) mod h
« computing an odd increment ensures that whole hash table is accessed
in the sear ch (provided h isa power of 2)
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& Retrieval procedureimitatestheinsertion procedure, stop
sear ch as soon as an empty cell isencountered.
& Deletion of akey
« Cannot simply delete the the key and label the cell enpty. Why?
« Need tolabel the cell “ obsolete”

&£ How do weimplement Insert?
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Analysis of Searching with

£ How do weimplement Insert?

& How do weimplement Delete?
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& hashCode: key
. 0:1776

1
2:
3: 1055
e 4:1492
5: 1945
6: 1918
- 7
& Now insert 1812, hashCode(1812) = 4, i.e., i = 4
» h=8,initidlyj=i=4
» rehash(j) = (j+1) mod h
» rehash(4) = (4+1) mod 8=5 // collision again

» rehash(5) = (5+1) mod 8 =6 // collision again
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£ Basic Operation: comparisons
« Assume computing a hash code equals a unit of comparison

therearetotal of n elements stored in thetable,

each elementsisequally likely to be search

Again, a=n/h isthe average number of keys per array index.

— Note: a <1 for open addressing

. Theaverage number of comparison for an insertion or an
unsuccessful sear ch (including hashing) isat most 1/(1-a)

9 The average number of comparison for a successful search
isat most
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