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Expanding the learning problems’ input spaces to high-dimensional feature spaces can
increase expressiveness of the hypothesis class and thus may improve the performance
of linear threshold-based learning algorithms such as Perceptron and Winnow. However,
since the number of features is dramatically increased, these algorithms will not run ef-
ficiently unless special techniques are used. Such techniques include Monte Carlo ap-
proaches, grouping strategies and kernels. We investigated these techniques and applied
them to two problems: DNF learning and generalized multiple-instance learning (GMIL).

For DNF learning, we used a new approach to learn generalized (non-Boolean) DNF
formulas, which uses all (exponentially many) possible terms over n attributes as inputs
to Winnow. Then the weighted sums to Winnow are approximated using a Markov chain
Monte Carlo (MCMC) method. We proposed an optimized version of this basic algorithm,
which produces exactly the same classifications while often using fewer Markov chain
simulations. We also empirically evaluated four MCMC sampling techniques in terms of
accuracy of weighted sum estimates.

For the GMIL problem, our work is based on Scott et a.'s algorithm GMIL-1 for their
GMIL model, which has exponential time and space complexity since it uses all possible
boxes in a discretized space as features. We proposed a Winnow-based algorithm GMIL-2
with a new grouping strategy, which has the same generalization ability as GMIL-1 and

can save more than 98% time and memory in practice. Then we proposed a kernel that



exactly corresponds to the feature mapping used by GMIL-1. We showed that this kernel
is #P-complete to compute, and then gave a fully polynomial randomized approximation
schemefor it. Our kernel showed improvementsin both generalization error and time com-
plexity over GMIL-1 and GMIL-2, and outperformed other MIL algorithms on benchmark
data sets. We also proposed two extensions to further improve its generalization abilities.
Both GMIL-2 and the kernels have been successfully applied to several applications: drug

discovery, content-based image retrieval and biological sequence analysis.
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Chapter 1

Introduction

Constructing computer programs that can learn from experience is the goal of machine
learning. Much of learning involves inducing general concepts from specific training ex-
amples or experience. Usually training examples are described by a set of attributes or
features and assigned with labels. Each concept can be thought as a general function de-
fined over these features, for example, a boolean function. A learning algorithm is used to
approximate a target function that can correctly identify the labels of unseen examples.

Many successful machine learning algorithms have been developed and applied to all
kinds of applications such as information retrieval, natural language processing and bioin-
formatics. One class of widely used algorithms are linear threshold-based learning algo-
rithms such as Perceptron [36] and Winnow [26]. A general hypothesis generated by these
algorithms is a linear function W (x) = w - x where x is the feature vector and w isits
weight vector. A learning algorithm takes an example x, calculates IV (x), then predicts +1
if W(x) is greater than athreshold 6 and -1 otherwise.

Although linear functions have limited expressiveness, they have been applied success-
fully to real world classification problems by expanding their features. For example, a set

of features x4, - - - , ,, can be expended using conjunctions such as —xz; A z; A xy, if they are



2

boolean-valued features, or using polynomial terms such as z7z;zy, if they are real-valued
features. l.e. the origina training examples are expanded to higher-dimensional exam-
ples, in which each conjunction or term is abasic feature. Clearly these expanded features
increase expressiveness and thus may improve the performance of linear threshold-based
learning algorithms. However, the number of features is dramatically increased. For ex-
ample, if all conjunctions are used, the number of expanded features is 3. Thus these
algorithms can not be used in practice unless special techniques are used to compute the
weighted sums of the inputs efficiently.

There are several ways to solve this problem. For learning algorithms that use additive
weight updates such as Perceptron, one approach is to use kernel techniques [38], such
as boolean kernels [23] and polynomial kernels, to implicitly expand features as long as
kernels can be efficiently computed. For learning algorithms that use multiplicative weight
updates such as Winnow, there is no known kernel that can be efficiently computed in a
genera case. So we look for other approaches to this problem. One way isto exploit com-
monalities among the inputs, partitioning them into a polynomia number of groups such
that given a single member of each group, the total weight contribution of that group can
be efficiently computed. For example, it has been shown that Winnow can be simulated
efficiently over exponentially many features for learning some simple geometric concept
classes [30]. Unfortunately many applications do not appear to exhibit such structure. Al-
though it seemsthat a brute-force implementation is the only option to guarantee complete
correctness, afast approximation algorithm may exist.

In this dissertation, we study various techniques to efficiently compute weighted sums
when exponentially many expanded features are used. The first problem we investigated
is learning DNF formulas. We presented a new approach for learning generalized (non-
Boolean) DNF formulas. It works by implicitly enumerating all possible terms over n

attributes and using these terms as inputs to Winnow to learn a digunction over them. We
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applied an approximation algorithm to estimate weighted sums of Winnow with a Markov
Chain Monte Carlo (MCMC) method. Based on this basic algorithm, We gave an opti-
mized version [41] that produces exactly the same classifications while often using fewer
Markov chain simulations. We also applied four MCMC sampling techniques and empiri-
cally compared them.

The second problem we have been working on is generalized multiple-instance learn-
ing (GMIL) [40, 50]. Since Dietterich et al. [14] introduced the multiple-instance learning
(MIL) model, it has been successfully applied to several applications such as drug dis-
covery and content-based image retrieval. Recently, Scott et al. [40] generalized the MIL
model and presented an algorithm (GMIL-1) for GMIL, which uses al possible boxesin a
discretized space as its features and thus has exponential time and space complexity. In our
work, we first gave a new Winnow-based algorithm GMIL-2 [43] that uses a compact set
of GMIL-1's features. We evaluated GMIL-2 on two conventional MIL application areas
(drug discovery and content-based image retrieval). Our experimental results show that
it has the same generalization ability as GMIL-1 and needs much less time and memory
to train. Furthermore, we applied GMIL-2 to a new application area, biological sequence
analysis, and got promising results [47].

Then we defined akernel &, [42] that exactly corresponds to the feature mapping used
by GMIL-1 when Perceptron is used. We showed that k, is #P-complete to compute and
presented a fully polynomial randomized approximation scheme (FPRAS) for it. Our re-
sults showed improvements in both generalization error and time complexity over GMIL-1
and GMIL-2 on al three application areas. Further, k, outperformed other MIL algorithms
on benchmark data sets (Musk data sets). Based on k., We proposed two extended kernels,
kmin [44] that generalizes Weidmann et al’s count-based MIL model [50], and anormalized
kernel. Both of them generalized noticeably better than &, in several applications.

The rest of the dissertation is as follows. In the next chapter, we introduce our work on



4

applying Winnow for DNF learning. In Chapter 3 we describe the generalized multiple-
instance learning model and our fast Winnow-based algorithm GMIL-2. In Chapter 4 we
present the kernel £, for GMIL, its hardness results and a FPRAS for it. In Chapter 5 we
propose two extensions to k, and present the experimental results. Then we conclude in

Chapter 6.



Chapter 2

Learning DNF Formulas with Winnow

2.1 Introduction

Chawlaet al. [10] introduced the use of the Markov chain Monte Carlo (MCMC) method
to estimate weighted sums in multiplicative weight update (MWU) algorithms when the
number of inputsis exponential. One of their applications was using Littlestone’s Winnow
algorithm [26] to learn DNF formulas. Although their preliminary empirical results are
much stronger than what their theoretical resultsimplied, they still required extensive sim-
ulation of the Markov chain to draw “good” samples (i.e. from close to the chain’s station-
ary distribution) in order to get accurate estimates of the weighted sums. This significantly
slowed their algorithm.

In this chapter, our am is to explore possible ways that can speed up Chawla et a.'s
algorithm. We aso want to show that the algorithm is very useful in practice even without
any theoretical guarantees.

We propose an optimized version of Chawla et al.’s algorithm, which often uses less
computation time without any loss in classification accuracy. We give two theorems to

prove that our optimized version exactly simulates that of Chawla et al.. We aso give the



lower bounds on how much computation time our algorithm can save.

In our experiments, we empirically compare three M CM C sampling techniques (Gibbs,
Metropolized Gibbs and parallel tempering) to Chawla et a.'s Metropolis sampler to de-
termine how effective each is in quickly drawing good samples, in terms of accuracy of
weighted sum estimates and in terms of Winnow’s prediction accuracy. The experimental
results show that Metropolis sampler has worse performance than Gibbs and Metropolized
Gibbs on estimating weighted sums. Gibbs shows better performance than Metropolized
Gibbs when the number of variablesis large, though thereislittle difference between them
when the number of variables is small. For prediction errors, there is little difference be-
tween any MCMC techniques. Also, on the data sets we experimented with, we discovered
that all approximations of Winnow have no disadvantage when compared to brute force
Winnow (where weighted sums are exactly computed), so generalization accuracy is not
compromised by our approximation.

We aso extend Chawla et al.'s algorithm to handle generalized (non-boolean) inputs
and multi-class outputs. These results are critical in applying MCMC methods to other
applications of MWU algorithms with exponentially large feature spaces. For example,
the Winnow-based algorithm of Tao and Scott [43] (adapted from Goldman et al. [19] for
learning concepts from a generalization of the multiple-instance model [14]) is efficient for
low dimensions, but does not scale well. It is possible that Chawla et al.’s MCM C-based
approach can be very useful to make this algorithm (and others) more scalable, but first a
thorough empirical analysis of the sampling method is required.

Therest of thischapter isasfollows. In Section 2.2 we discussrelated work. Section 2.3
describes Chawla et al.’s MCMC approach for estimating weighted sums and presents our
optimized version. Section 2.4 gives four different MCMC sampling techniques. Sec-
tion 2.5 gives several extensions of the basic Winnow algorithm. We then report our exper-

imental resultsin Section 2.6 and conclude in Section 2.7.



2.2 Related Work

2.2.1 Learning DNF Formulas Using Winnow

Let f = PV P, V...V Pk bethetarget function, where P, = ¢;; Acp A ... Ac;, ISaterm
and ¢;; isaconstraint on the value of attribute ;. If we let attribute ;j take on values from
{1,... k;}, thenc;; = ¢ € {1,..., k;} means that for an example x to satisfy constraint
¢ij, v; = L. If ¢;; = 0, then z; can be any value from {1, ..., k;} and still satisfy the
constraint. If z; = 0, then this attribute value is unspecified and only satisfies a “don’t
care” congtraint of ¢;; = 0. In other words, x satisfies P, iff for all j, either x; = ¢;; or
c;; = 0. Thus the set of possible terms available for f and the instance space are both
Q= H;.‘:—OI{O, ..., k;}. Itisessily seen that if example x has ny specified values (i.e. ny

values > 0), then there are exactly 2"~ terms satisfied by it.

Example 2.1 (Monotone DNF) A monotone DNF isa DNF with no negated variables. So
k; = 1for all j. For example, assumen = 3, examplex = (0, 1, 1) satisfies 2? = 4 terms:

¢7 T2, T3, and i) A 3.

Example 2.2 (Conventional DNF) In conventional DNF formulas, k; = 2 for all j and
1 represents “true” and 2 represents “ false” . For example, assume n = 3, example x =

(0,1,2) satisfies 22 = 4 terms: ¢, x, ~3, and x5 A 3.

Example 2.3 (Generalized DNF)In generalized DNF formulas, %; can have more than 2
values for all j. For example, assumen = 3, example x = (0, 3, 7) satisfies 22 = 4 terms:

o, (132 = 3), (373 = 7), and (LUQ = 3) A (.T3 = 7)

The problem of learning conventional DNF formulas (i.e. k; = 2 for @l j) has been
heavily studied in alearning-theoretic framework [8, 9, 23]), but positive results exist only

in restricted cases, and the general DNF problem remains open *.

Lt isunlikely that an efficient distribution-free (PAC) DNF-learning algorithm exists[6, 5].
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The algorithm Winnow of Littlestone [26] is alinear threshold learner that uses mul-
tiplicative updates to change its weights. Winnow is an on-line learning algorithm, which
means that learning proceeds in trials. At tria ¢, Winnow receives an input vector x; and
makes its prediction g, = 1 if W, = w; - x; > 6 and 0 otherwise, where w;, is its weight
vector at trial ¢ and ¢ is the threshold. Then Winnow is told the true label i, and updates
its weight vector as follows: wy,1; = w,;a”¥~%) for some learning rate o > 1. If
Wiy, > we;, We cal the update a promotion and if w11, < w;;, we cal it a demotion.
Littlestone showed that if the target concept labelling the examples can be represented as a
monotone disunction of K of the N total inputs to Winnow (i.e. adigunction where none
of the K inputs are negated in the target function), then Winnow can exactly learn the target
concept while making at most O(K log N) prediction mistakes 2. Hence Winnow can be
used to learn DNF formulas by using all possible terms asitsinputs. E.g. if k; = 2 for all
1, therewill be N = 3™ possible terms, where n is the number of variablesin original input
vector x. For a particular instance x, input z; to Winnow is 1 if x satisfies term ¢ and O
otherwise. The number of mistakes that Winnow will make on any sequence of examples
isthen O(K'n), where K isthe number of termsin the target DNF.

Of course, the algorithm as described above is not efficient, since brute force computa-
tion of W, = w; - x| takestime Q(V), which is exponential® in n. Thus another approach
is needed to compute ;. One possibility is to use kernels, as illustrated by Khardon et
al. [23] for the Perceptron algorithm (i.e. using additive weight updates). However, while
they showed that it is possible to efficiently compute the weighted sum for Perceptron when
learning DNF, they also showed that in the worst case, their kernel-based algorithm makes
22" prediction mistakes. They also argued that unless P = #P, it isimpossibleto efficiently

exactly simulate Winnow for learning DNF. Thus we look to Chawla et al. [10], who use

2A more general result was shown by Auer and Warmuth [3]: If the best K-digunction makes M,
mistakes on a sequence of instances, then Winnow's mistake bound is O (K (M,,; + log N)).

3Note that storing all weights takes (V') space, but we can compute the weight of a particular term P by
evaluating it on the training set, eliminating the need to store the weights.
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MCMC methods to estimate 1W; for Winnow with high probability, as opposed to Khardon
et al.’s hardnessresult that says no deterministic simulation of Winnow is possible for DNF.
While Chawla et al. do not guarantee an efficient DNF algorithm in the learning-theoretic
sense, their results yield an effective heuristic for learning DNF. Thisisin part due to the
fact that in order to correctly simulate Winnow, it is not required that the estimate 1, be

closeto W, but only that it be on the same side of the threshold 6 as V.

2.2.2 Markov Chain Monte Carlo Methods

The Markov chain Monte Carlo method uses a Markov chain to simulate Monte Carlo
experiments that provide approximations to quantities by performing statistical sampling
experiments. Starting with the work of Metropoliset al. [33] and Geman et al.[17], MCMC
methods have been widely used to solve problemsin statistical physics and Bayesian statis-
tical inference. One major class of these problems is approximate summation, whose goal
isto approximatethesum W = >, w(x), where w is a positive function defined on (2
that is alarge but finite set of combinatorial structures.

Generally a Markov chain M with state space €2 and stationary distribution 7 is de-
signed to be ergodic, that is, the probability distribution over € converges asymptotically
to 7 regardless of the initial state. Then M is repeatedly simulated for 1" steps and gener-
ates samples amost according to 7. These S samples are then used to estimate the quantity
of interest. Usually we discard statesin thefirst 7;, steps and assume there would be arapid
convergence to w during these steps. This 7;-step procedure is called burn-in.

After burn-in, M then would return the element at the state as a sample from the empiri-
cal distribution 7 at the end of the simulation. Then this processwould be restarted S times,
whichmeans 7" = S - T;. Rather than repeatedly restarting the whole process, the more
common technique is to sample from a single run of the process, which means the Markov

chain would be smulated for another S’ steps after burn-in, each additional step generating
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anew sample. Thusthe total number of stepsisT = Ty + S. One benefit of multiple runs
is that samples are completely independent, but this requires more computation. Instead,
a single run only needs a single burn-in procedure and the samples drawn from it would
be good enough if the chain converged to = rapidly. Since efficiency is essentia in our
experiments, we use a single run rather than multiple runs.

One requirement for an approximation algorithm to be efficient is for the burn-in time
T), to be polynomial in al relevant parameters (n and K in our application). A Markov
chain having this property is called rapidly mixing, which means that the chain will be
closeto its stationary distribution 7 after taking a polynomial-length random walk through

Q2. More formally, we measure the difference between 7, and 7 by variation distance:

Ap(t) = max |fratd) — 7@0] = 5 3 e @) — (@) -
QeQ
The number of simulation steps 7" required for Ap(7T) < e for dl P € Q is called the
mixing time of M.

Under appropriate conditions, the approximation algorithms based on the MCM C method
yield accuracy guarantees, e.g. in approximate summation, sometimes one can guarantee
that the estimate of the sum iswithin afactor ¢ of the true value. When thisis true and the
estimation algorithm requires only polynomial time, the algorithm is called a fully polyno-
mial randomized approximation scheme (FPRAS). In certain cases a similar argument can
be made about combinatorial optimization problems, i.e. that the algorithm’s solution is
within afactor of ¢ of the true maximum or minimum.

Two well-studied problems with MCMC solutions are the approximate knapsack prob-
lem and the problem of approximating the sum of the weights of a weighted matching in

agraph (e.g. [20]). Chawlaet a. [10] combined these two solutions and gave a Metropo-
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lis sampler [33] to approximate the weighted sum in Winnow for learning DNF*. Then
they evaluated this algorithm on simple simulated data sets. We extend their work by
adding optimizations (Section 2.3.3) and applying three other sampling techniques: Gibbs,
Metropolized Gibbs and parallel tempering.

2.3 Estimating Weighted Sums with MCMC

2.3.1 Chawla et al’'s MCMC Solution for Winnow

We now describe Chawlaet al.’'sMCMC solution [10] for estimating W;(«), where W, (a) =
> peq, Wip(@), wp(a) = a®F) isterm P’'s weight of training® Winnow with learning
rate o, and wy (P) = uy(P) —vy(P), whereu,(P) isthe total number of promotions of term
P attimet and v;(P) isthe total number of demotions.

Let Q) C Q betheset of 2™ termsthat are satisfied by examplex; (n; < n isthe number
of non-zero valuesin x,). For eachterm P’ = (p),...,p),) € Q,, et P = (p1,...,py,) €

), be defined as follows:

1. delete p; from P’ for all i such that z; = 0 and call the new term P”;

2. setp, =1ifp! >0andp; = 0if p/ = 0.

Chawlaet al. then build aset of Markov chains M, on the state space €, that are based
on the Metropolis sampler (see Section 2.4.1). Each chain M;(a/) € M, has a specific
learning rate o/ and a stationary distribution 7,/ . (P) = wy p(a’)/Wi(d/).

They then define f; (P) = wy p(@i—14)/we p(ai), where o, = (1 + m%)i_l for1 <

i < 1y, 1 isthe smallest integer such that (1 + =)' > a, and m; = w,(P.) + v(P.)

4They also used asimilar technique to approximate weighted sumsin Weighted Majority [27] of classifiers
created by boosting [37] for predicting nearly as well as the best pruning of an ensemble.

ST, isafunction of o since Chawlaet al. define their approximation method using several different values
of «; € [1, a]. Note that, however, the actual sequence of updates made (i.e. the values of w;(P)) will be the
same regardless of «;. This single sequence of updates is determined by running the learning a gorithm with
the original learning rate .. Hence wy, p (o) /w: p(a) = (g /o) @),
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where P, = (0,0,...,0). Then they get

E[fi:(P Z 7ra”t P)fi (P) = Z wyp(cie) wep(Qi-1,e) _ Wi(ei—14) '

PeQy Pey Wt(ai,t) wt,P(ai,t) Wt(aiﬂf)

So Wi(ai—1.+)/ Wi +) can be estimated by computing the sample mean of f; ;(P), which

alows W, («) to be computed since

= () ()i

and Wy(ay,) = W (1) = Q] = 2™. Therefore, for each value ayy, . . ., a, 4, Sy Samples
are drawn from M, (o ;) after discarding the first 7; ; steps. If X, is the sample mean of

fi+(P) and |[M;| = r, — 1, then Chawla et al.’s estimate of W, («) is

Wt(@) =2M H 1/X7,',t .
=2
The following results hold for this estimation procedure.

Theorem 2.1[10] Assumea < f;, < bfor all i. let the sample size S; = [1307;b/(ae?)]
and M, be simulated long enough for each sample such that the variation distance between

theempirical distribution and 75, , isat most ea/(5b7;). Thenfor any ¢ > 0, W, () satisfies
Pr (1 — e)W,(a) < Wi(a) < (1 +6)Wt(oz)] >1-4.

As stated in Theorem 2.1, Chawla et a.'s algorithm can yield e-good approximations
for W; if enough samples are drawn after the chain mixes. But unfortunately whether the
chain is rapidly mixing is unknown, which means an exponential number of burn-in steps

may be needed before any sample can be drawn.
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2.3.2 What is the Best Choice of;?

According to Chawla et a.'s MCMC solution, the computation time of estimating W, («)
depends on the number of chainsr; — 1, the number of burn-in steps 7, and the sample size
S. To reduce the computation time, we need to reduce either 7, and S, or r;,. We could
chooserelatively small T; and S if all of the chainsin M, converged to their stationary dis-
tributions fast enough. This could be achieved by using agood sampler, which is discussed
in Section 2.4. In this section, we analyze if we could choose a smaller r; than Chawla et
al.’s proposition.

Define f;,(P) = wip(a,_,,)/w.p(c),), where o, = (1+r/m})" for1 < i <
ry, r; is the smallest integer such that (1 + /fu/m;)ri_1 > a, and k and m;, are positive
constants. Obviously, f;.(P) is aspecial case of f;,(P) when x = 1 and m, = m,. If we
increase « or use a smaller m;, we would decrease ;. In Theorem 2.3 below, we extend

Theorem 2.1.

Lemma 2.2 For any distribution 7 of €, if m;, > max{w(P.),v,(P,)}, for all i and P,

e < fz/t(P) < e

Proof: Let o/ = maxpeq,{u:(P) — v:(P)} and " = minpeq, {u:(P) — v(P)},
i.e. the maximum and minimum number of net promotions. Since P, is satisfied by any
term and w;(P,.), v (P.) > 0, us(P.) > @ > o > —u,(P,). Therefore, m; >

max{|p}"*|, ||}
For al P € €,

, o\ W ~w(P)
' wt,P(%—l, ) &g, K
fi,t(P) - 7 ! — < 7 t) — <1+_/) 9

wt,P(O‘i,t) Q4
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where @ (P) = w,(P) — vy(P). Since,

and

then we have,

By substituting Lemma 2.2’'s bounds into Theorem 2.1, we get Corollary 2.3.

Corollary 2.3 1f m; > max{u,(P.),v,(P.)}, let the sample size S, = [130e>*7,/€*] and
M, be smulated long enough for each sample such that the variation distance between the

empirical distribution and w4, , isat most ¢/(5¢**#;). Then for any ¢ > 0, W, («) satisfies
Pr (1 — Wi(a) < Wi(a) < (1 +6)Wt(a)] >1-4.

According to Corollary 2.3, we can set m, = max{u,(P.), v,(P.)}, which is often less
than Chawlaet al.’s proposal of m; = wu,(P.)+v,(P.) (see Section 2.3.1). But Corollary 2.3
tells us that if we increase x by 1, we would need almost e? times the sample size and
e? times smaller variation distance. This means that the result of our MCMC solution
would become worse if we reduce the number of chains without drawing more samples.
Thus it seems we could not expect to get as good a result as before with less computation

time by increasing . But Corollary 2.3 only gives the worst-case theoretic bounds. In
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practice, increasing ~ might reduce computation time without dramatically affecting the
performance of estimations. Also, in the next section we describe ways to use fewer chains

without reducing the accuracy of our Winnow simulations.

2.3.3 Our Optimized MCMC Solution

In Chawlaet al’sMCMC solution, r,—1 Markov chains need to be simulated. Herewe give
an optimized solution that is based on the idea that to exactly simulate Winnow, we only
need to know what Winnow’s prediction is going to be (i.e. on what side of the threshold ¢
that 1 will fall on), not what the weighted sum exactly is. So it is possible that we could
stop computing our estimate after only a subset of the chainsin M, has been run.

Let of"** = maxpeq, {w(P) — v(P)}, o' = minpeo,{uw(P) — v(P)} (i.e the
maximum and minimum number of net promotions), and ¥, = {2,...,r,}. Given some

v’ C ¥, we can define the following two conditions:

min

Wt azt) ( 7K )pi
C : > 9, 2.1
116;[, Wiai—1s) \ o1y o (21)
Wt Oézt Q¢ o
D : 0 2.2
1;1,[, Wt Oéz lt <Oé¢1,t) = ’ ( )

min mazx

whereC = 2™ [T (ﬁ) " oandD = 2m [, (L) " . Now we can prove the

=2 \ a;—1,¢ i1t

following theorem.

Theorem 2.4 If 3V’ C ¥, that satisfies condition (2.1) , then W, («) > 0; If IV C I,

that satisfies condition (2.2), then W, (a) < 0.

Proof: Becausea;; > «;_1; > 0 and @;(P) — p"™ > 0 fordl P € Q,

@i (P)—pp™ wi(P)—py"
§ :O‘i,t > E Q1 .

Pe, PeQy
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min

So Wilai) (a) " >1.Then

Wiai—1,6) \ i1t

min min

a ”t azt Qi t o ”t azt Ot o
)=C ’ ’ > 6.
HWt (ci—14) < ; ) Hwtaz 1,t) ( ; > B

Q1 ey Q1

Similarly we can prove the second statement. O

Theorem 2.4 tells us that it would not always be necessary to run al r, — 1 Markov
chains if we were only interested in Winnow’s predictions. Instead, we can sometimes
limit our smulations to a subset of Markov chains. So what we want is to find such a
subset with the smallest size.

Let I'; (W) be the set of al U’ that satisfy (2.1), and I'y(V,) be the set of al U’ that
satisfy (2.2). We define U7 € T’ (¥,) as aminimum 1-prediction set if U7 < || for
al v e I'y (W), and ¥ € Ty(0,) asaminimum O-prediction set if |7 | < |¥/| for all
U’ € T'y(V,). Thisleads usto Theorem 2.5.

Theorem 2.5 If U exists, {ry,ry — 1,...,7 — |¥7"| + 1} isa minimum 1-prediction

set, and if U™ exists, {2,3, ..., |¥§""| + 1} isa minimum O-prediction set.

Proof: Letg = (1+ m%). Using Cauchy’s inequality, we can prove that

Wiaip1,)Wilaii1y) = Z aﬁ{f Z O‘?—tl(,?)

PeQy Qe
_ Z ﬁi-m Z ﬁ 2)w(Q)

Peq; Qe
_ Z (ﬁi-Wt(P)ﬁ)? Z (5@—2)@(@)/2)2

PeQy Qe

2
> <Z ﬁ(il)-Wt(P))
PeQy
= Wt(ai,t)Wt(ai,t)
So et > prend forall i € {2,...,m — 1} Nowlet U = {re,ry = 1,....m —
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W+ 1)

Wi(az) it vi Wi(az) it o
C ’ >C ’ ’ > 0.
H Wi(ai—14) (Oéil,t) o H Wiai1s) \ o1y o

e’ ieqﬂlnin

Therefore ¥’ € I' (¥;). Since |V/| = |

={r,r—1,...,ry— | + 1} is
aminimum 1-prediction set. Similarly we can prove {2,3, ..., || + 1} isaminimum
O-prediction set. O

According to Theorem 2.5, if W;(a) > 6 and we simulate Markov chains in the order
of ry,7, — 1,...,2, and halt when we find a minimum 1-prediction set, we need no more
computation than any other sequence of Markov chains. Similarly to get a minimum O-
prediction set, we use no more chains than any other sequence if W;(«) < 6 and we
simulate them in the order of 2,3, --- ,r,. Then we get an optimized MCMC solution for
Winnow asin Table 2.1.

In Table 2.1, we can estimate 7**® and o7 with u, (P.) and —v;(P,) becauseu;(P.) >

praT > omin > —y,(P,). Then we choose one of the two orders (< ry, 7 — 1,--+ ,2 >
or < 2,3,---,r; >) by guessing the most likely prediction y;. When we use Winnow to

predict an unlabeled example, we could just assume y; is 1. When we are training Winnow,
we can set y; as the class label of training example x. But a better way is that at the ¢th
training iteration, let y; = 9,1 (x), where g, _; isthe prediction of x at the (¢—1)thiteration.
The heuristic is that the weighted sum of x might not change too much after the last time
Winnow met x. At the beginning of training, all weights of Winnow are 1. So W (a) = 2™
for all examples. If 2" > 6, ¢} = 1, otherwise 0.

Anather question is how small ¥ and W7 can be. We know that if W;(«) is very
close to the threshold 6, the chance for our algorithm to stop early is small. Below we give

the upper bounds of the sizes of U7 and W7"n.

Theorem 2.6 If W,() > 0, let W;(«) = (1+ ¢)0 wheree > 0. Thenthe size of U isat
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Table 2.1: Optimized MCMC solution for Winnow

1. Given an examplex, guess Winnow’s most possible prediction
isy;, as described in the text
2 if y; is1then

min

3 Wt(a) —2m H:t 2 (%)ggt
4: fori=r;t02do 7
5: compute the sample mean X ¢ with M (v ¢)
6: Wi(a) — (%) BT Wia)/ Xz
7 if W () > 6 then
8 STOP and return g;(x) « 1.
o end if
10: end for
11:  return g (x) < 0
12: else

max

. 1 r %, .
13 Wi(a) — 2™ [, (ai,f,t)
14: for i =2tor; do

15: compute the sample mean X; ; with M («; ¢)
. o pmar

16 Wila) — (r) Wi(a)/ X

17: if Wi() < 6 then

18: STOP and return ;(x) « 0.

19: end if

20:  end for

21:  return gy (x) < 1

22: end if

most ; — 1 — In(1 + ¢); If Wi(a) < 6, let Wi(a) = (1 — €)f where 0 < € < 1. Then the

sizeof Uy isatmost r; — 1 + In(1 — ¢).

Proof: If W;(a) > 0, then " exists. Let WY = {r;,r,—1,..., 1 —k+1} (SO | %] = k).
According to Theorem 2.5, U* is a minimum 1-prediction set if & is the minimum value

that makes U* satisfy (2.1).

__,min

Notice W, (ct) = Wy(aw, 1) = C [}, o) (““) a . Then (2.1) can be written

1=2 Wi(oi—1,6) \ ®i—1,t
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Tt min

Wi() aiy \
0 < ’ 7
= C H Wi(ai-1) ( ‘ )

o
=1t —k+1 i-Lt

r k _,min
o /i—[ Wi(aiz) ( Ot > v
VVt az lt

Q1
Wt(Oér —k t) (Oér —k t) o
= (1+e)f — .
( ) /< Wt(Oél,t) Qg

Notice 6 is always greater than O for standard versions of Winnow that only maintain

positive weights. Since 6 > 0, Wy(a—kt) = 3 peq, O e kpi apy = 1and Wi(ag ) = 2™,

min

Spea, T < (14 )2 (2.3)

Spea, (@ (1 +e) <0, (2.4)

(2.4) is equivdent to (2.1). So ¥ is a minimum 1-prediction set if & is the minimum
@t (P)—pp™

solutionof (2.4). If 1+€ > a,." for al P, thentheaboveinequality holds. Applying

Ay —kt = (1 + mLt)Tt_k_l ylelds

L\ = P)-gpin
In(l+¢) > (rm—k—1)In (1+—)
my
L\ =@
k> rn—1—In(l4+¢€)/In (l—l——)
my

Notice (14 -L)= (") =i"" < (14 L)m < e. S0k’ = r,— 1 —In(1+¢) isasolution of
(2.4). Therefore the minimum solution of (2.4) must be at most £’. Then we get an upper
bound of |U7""| asr; — 1 — In(1 + €). Similarly we can provethat r, — 1 +In(1 — ¢) isan
upper bound of |T™|. 0

According to Theorem 2.6, our optimized MCMC solution uses at least In(1 + ¢) fewer

chains than that [10]'s solution if the prediction is 1 and at least In(1 — ¢)~! fewer chains
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if the prediction is 0. Also we notice that out solution will use less chains if W, is farther

away from 0, which means it saves more computation time.

2.4 Sampling fromr,,

All that remainsis efficiently drawing samplesfrom the chains (lines5 and 15 in Table 2.1).
[10] applied the Metropolis sampler, which is the most popular MCM C method, to the state
space €);. Here we also look at three other MCMC sampling techniques including Gibbs

sampler, Metropolized Gibbs sampler, and parallel tempering.

2.4.1 Metropolis Sampler for Winnow

The Metropolis sampler [33] can be applied to problemswhere the stateis either continuous
or discrete, aslong asit is possible to compute the ratio of the probabilities of two states. To
draw samples from the stationary distribution, the Metropolis sampler repeatedly considers
randomly generated changes to the variables of the current state P and accepts new state ()
with probability min(1, 7(Q) /7 (P)).

Chawla et al. defined M;(«) based on the Metropolis sampler. Each transition in
M,(«) selects a single variable p; € P at random and proposes a new value 1 — p;.
Then the Metropolis acceptance probability for M;(«) ismin(1, 7(Q)/7(P)), where ) =
(p1y--yDic1, 1 — piy .., Dn,). Then they used the Metropolis sampler for M;(a) asin
Table® 2.2.

2.4.2 Gibbs Sampler for Winnow

The Gibbs sampler [17] is widely applicable to problems where the variables have con-

ditional distributions of a parametric form that can easily be sampled from. In a single

5\We compute the weights of P and Q" by evaluating them on the training set (see Footnote 3).
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Table 2.2: The Metropolis sampler for Winnow

1: With probability 1/n; let Q = P; otherwise,
2. Select ¢ uniformly at random from 1,...,n; and let Q' =
(p17 ceoyDi—1, 1-— Diy - 7pnt);

3: Let Q = Q' with probability min{1, 7;((%)) }, where

transition of the Gibbs sampler, each variable is replaced with a value picked from its dis-
tribution conditioned on the current values of al other components.

For any state P € 2, each variable p; only has two possible values: 0 and 1. If
Py = (p1,-,pi = 0,--+ ,pp,) &d P = (p1,--+,p; = 1,--- ,py,), the conditional

distribution is
ﬂ-a,t (P)

Tat(pi | P\ {pi}) = Tat(Po) + Tas(P1)

Then we define the Gibbs sampler for M;(«) asin Table 2.3.

Table 2.3: The Gibbs sampler for Winnow

Q< P

cfori=1,--- ,n,do

IetQ :(qlla“'vqi—lyl_in-'uq’/nt);

Let @ = Q with probability 7, +(Q | P\ {pi}), where

Tat(@ | P\Api}) = w, g /(w, o +wip)

5: end for
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The Gibbs sampler has a number of distinct features. The acceptance rate of the Gibbs
sampler is uniformly equal to 1.Therefore, First, it accepts each new value generated from
the conditional distribution. (Of course, the value might be the same as the old value.) In
contrast, the Metropolis sampler accepts the new value with some probability. Second, the
conditional distributions of the Gibbs sampler are constructed on prior knowledge of .
Furthermore, the Gibbs sampler is, by construction, multidimensional. It generates new
values for all variables and only after that it outputs a sample. In the Metropolis sampler,

the variable to be changed is selected totally at random.

2.4.3 Metropolized Gibbs Sampler for Winnow

The Metropolized Gibbs sampler [28] is a modification of the Gibbs sampler. It has been
proven to be statistically more efficient than the Gibbs sampler. The sampler draws a new

value p; with probability
Tt (P; | P\ {pi})
L= mau(pi | P\ {pi})

and accepts with the Metropolis-Hastings acceptance probability

=i
As mentioned in Section 2.4.2, each component in €2; only has two possible values. So
the Metropolized Gibbs sampler becomes a Metropolis sampler that repeatedly updates all
components in afixed order. We then build the Metropolized Gibbs sampler for M, («) by
replacing the acceptance probability in line 4 of Table 2.3 with

win raa(@ 1 Q\ {0} }
T rel@ T\ ah)
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where

(@ 10\ {a})  _ 7(Q) _ @) =@
1=mat(Q [ Q\{a})  7(Q) .

2.4.4 Parallel Tempering for Winnow

Theidea of paralel tempering [18] isto artificially ensemble a set of Markov chains with
different, but related stationary distributions. It involves two sets of steps: local steps in
each chain and swap steps between two chains. Each local step is defined by each Markov
chain, such as Metropolis sampler or Gibbs sampler. In each swap step, two chains make
an exchange of their current states. For example, chain i is at state P, and chain j is at
state P;. After aswap step, chain ¢ will be at state P; and chain 5 will be at state ;. Swap
steps are introduced to allow greater mobility and faster mixing. After al of the chains
make a local step, the sampler attempts to swap the current states of two of the chains.
The acceptance probability for swapping states P, and P; between two chains : and j is
min {1, % } .

In our MCMC solution, we build , — 1 parallel Markov chains M;(«;) with stationary

distributions

P a;m(P) (1+ 1/mt)(i_1)w”(P)
’ﬂ'ai’ = =
! W, (o) W(a)

Then we get the parallel tempering version of our samplersasin Table 2.4. In Table 2.4, we
simulateall r;, — 1 Markov chainsin parallel, while our optimized MCM C solution needsto
run these chains in a specific sequence (see Section 2.3.3). In order to apply our optimized
solution, we can partition the sequence into small groups, use paralel tempering in each
group and run these groups sequentially. Then we can apply our optimized solution on
these groups. But we might not find the best subset of chains as indicated in Theorem 2.5

since we will only check the constraints after the simulation of a group of chainsinstead of
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asinglechains.

Table 2.4: Parallel tempering for Winnow

L forT=1,---,5do

2. With probability ps,qp, randomly choose aneighboring pair
of chains, say ¢ and 7 + 1, and swap current states P, and
P;+1 with probability

min {1, (1+ 1/my) =P~ (P) |

3:  Simulateal r; — 1 Markov chainsfor asingle step viatheir

samplers.
4:  Savecurrent states of all v, — 1 Markov chains as samples.
5. end for

2.5 Other Extensions

2.5.1 Discretizing Real-Valued Attributes

Since our agorithm can only handle discrete-valued attributes, we employ the method of
Elomaa and Rousu [16] to discretize continuous-valued attributes. For each attribute, we
sort (in ascending order) its values over all examples and then divide its value range into
several intervals according to some evaluation function that estimates the class coherencein
agiven set of examples. Here we use the Average Class Entropy as the evaluation function.

Let |4 S; be apartition of S. The Average Class Entropy of the partition is:
S; 1
ACE(4)8:) =) SH(S) = & Y ISiIH(S) |

wherethe entropy function H(S) = — 7", P(Cj, S)log, P(Cj, S) , wherem isthe num-

ber of classes and P(C}, S) is the proportion of the examplesin S that belong to the class



25

C'. A good property of Average Class entropy iscumulativity, i.e. theimpurity of apartition
can be obtained by a weighted summation over the impurities of its subsets. Cumulativity
facilitates incremental evaluation of impurity values. So we can apply a dynamic pro-
gramming scheme that is suggested by Elomaa and Rousu [16] to discretize real-valued
attributes.

An advantage to partitioning a single continuous attribute ¢ into several intervals (i.e.
mapping c to a single k-valued attribute) versus finding several thresholds for ¢ (i.e. map-
ping c to k— 1 boolean attributes) isthat the state space (2 issmaller, asisn. If k—1 boolean
attributes are used, then |Q| = 3" ' T]._ .. (ki + 1), where other is the set of other at-
tributes. In contrast, asingle k-valued attribute yields Q| = (k + 1) [];come, (Bi +1). In
addition, reducing n makes exact computation of W, (which requires enumerating up to 2"
terms) easier, so it is more likely that we can do exact computation of W, rather than an

approximation, which increases accuracy.

2.5.2 Handling Missing Data

There is an implicit means in our representation of examples that can be used to handle
missing data. If the values of some attributes of example x are missing in an example,
we simply assign 0 to these attributes and define aterm P to not be satisfied by x unless
p; = 0 for al 7 such that =; = 0 (see Section 2.2.1). We also tried the popular approach of

assigning to the missing attribute the most common value in the same class.

2.5.3 Multi-Class Classification

Since Winnow only can only make binary predictions, we train one Winnow DNF learner
for each class, i.e. a“one versus the rest” approach. So given an example x with a label

of class j, x is presented to Winnow; as a positive example and to all others as a negative
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example. After training all Winnows, we take an unlabeled example, estimate the weighted
sums of all Winnows on that example , and predict the class with the Winnow that has the
maximum weighted sum. Our optimized solution can be directly applied to the training
procedure without any change. But for testing, since we need to compare weighted sums
to make predictions, we can first use our optimized algorithm to make predictions for all
Winnows. If only a single Winnow predicts 1, we predict the class with that Winnow. If
more than one Winnow predicts 1 or all of them predict O, we then estimate the weighted
sums for these Winnows and compare them. In our experiments, we observed that even if
each single Winnow has a high error rate, the Winnow of the class that an example belongs
to frequently is the one with the highest weighted sum. Therefore our algorithm frequently

had low prediction error even when the individual binary classifiers did not.

2.6 Experimental Results

In our experiments, we evaluated three MCMC sampling techniques. Metropolis, Gibbs
and Metropolized Gibbs, each with and without parallel tempering (PT). So we tested 6
samplers. We compared their performance on estimating weighted sums on two data sets:
simulated data similar to that used by Chawla et a. [10] and Voting data from the UCI
repository [4]. We then tested our optimized algorithm on the ssmulated data and five UCI
datasetsto find what kind of impact these MCM C samplers have on Winnow’s predictions.
We also compared the computation costs of our optimized solution with Chawla et al.’s
algorithm in terms of the total number of Markov chains simulated.

We started our tests with data similar to Chawla et al.’s simulated data. They used
datawith n € {10,15,20}. In our experiment, we used their smulated data generator to
generate random 5-term monotone DNF formulas, using n € {10, 15, 20, 25, 30, 35, 40}.

For each value of n there were 10 training/testing sets, each with 50 training examples and
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50 testing examples. In our experiments on UCI data, we partitioned each data set into &
blocks, where k = 10 if the data set size was > 300. Otherwise the number of blocks was
reduced to ensure that each block was of size at least 30. Since our algorithm can only
handle discrete-valued attributes, we also discretized continuous-valued attributes.

Neal [34] pointed out that it takes about 72 steps to move to a state 7' steps away
because of the random walk nature of MCMC samplers. The farthest distance between
two states in €, is n, the number of variables. Thus we set the burn-in time 7, = n?.
Our experiments showed that this burn-in time worked very well. In each experiment, we
counted each update of asingle variable of current state as a single sampling step. We used

the same number of sampling steps’ 7, for all six samplers.

2.6.1 Comparisons on Estimating Weighted Sums

Our first experiments were designed to evaluate how well the weight estimation procedures
with different samplers guessed the weighted sums. Since we are interested in estimated
weighted sumsinstead of just predictionsin these experiments, we turned off our optimized
solution. During Winnow’s training, we computed the estimates with six samplers, while
we updated weights using the exact weighted sum computed via brute force (i.e. Winnow
was trained using the exact weighted sums). So all samplers worked on the same distrib-
utions and state spaces. Then we compared them using the measure Guess Error given in
Chawlaet al. [10], which is the average error of the estimates (|1 — W |/W).

Figure 2.1 shows the results on Voting, which has 16 variables and 435 examples. We
set Ty = 256 and varied T, € {800, 1600, 3200, 6400, 9600, 12800, 16000}. We trained
Winnow for 20 rounds on 10 partitions. So Figure 2.1 represents averages over more than

70000 estimates.

"The number of samples .S drawn by the Metropolis sampler is 7. But S for the Gibbs and Metropolized
Gibbs samplersis T /n because they only use states as samples after al n variables have been updated (see
Section 2.4).
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Figure 2.1: Guess Error vs. the number of sampling steps 7, on Voting.

In the figure, there are dramatic drops of Guess Error from 800 to 6400 sampling steps.
When T, > 9600, T, has much less effect on Guess Error. This indicates that at that point
Markov chains may be close to the stationary distribution ;. The parallel tempering ver-
sion of each sampler showed little effect. Thisis because the number of chainsr, for each
estimation increased quickly. It was more than 50 after 8 training iterations and eventually
more than 150. So even setting the swap probability to 0.9 did not provide enough swap
steps to make a big improvement. For al T, Guess Errors of Gibbs and Metropolized
Gibbs are always lower than Metropolis. Although Metropolized Gibbs has alower Guess
Error than Gibbs, the difference between these two samplersisvery small, especially when
Ts = 9600, 12800, 16000.

To evaluate the effect of varying the number of attributes n, we measured Guess Error
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Figure 2.2: Guess Error vs. the number of variables n on simulated data.

of the six samplers on the simulated data®. In Figure 2.2, T, isfixed at 10000 and T, = n?.
Gibbs and Metropolized Gibbs are still always better than Metropolis. The Guess Error
of Metropolized Gibbs is lower than Gibbs when n < 25. But when n > 25, Gibbs
becomes the best sampler. Aswith Voting, paralel tempering only improved performance
very dightly. Considering resultsin Figures 2.1 and 2.2, we can say that Gibbs sampler is

the best choice on average in terms of the accuracy of estimating weighted sums.
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Table 2.5: Comparisons of prediction errors on UCI data sets (T = n? and T, = 10n?).

M - Metropolis, G - Gibbs, MG - Metropolized Gibbs, PT - Parallel Tempering, BF - Brute Force.

Data

Sets irs car breast cancer voting auto annealing
n 4 6 9 16 25 38

M 53+21 1.7£0.8 31.5%£5.0 5.0+£2.1 128+£75 1.0+£0.7
G 6.7+38 19+£08 309+5.5 50+24 156+78 0.6=£0.5
MG 60+1.7 1.54+08 31.7+5.0 50+2.1 166+55 04404

M+PT | 6.0£32 1.7+£09 32.7+£4.7 50£16 186+51 09+£0.7
G+PT 6.7+27 15+£08 31.5+38 59+£25 184+£47 13£09
MG+PT | 6.0£3.2 1.64+0.7 31.8+58 54+£25 181+43 0.7£05
BF 73£32 33£1.1 33.3%+49 5.0£20 - -

2.6.2 Comparisons on Prediction Error

Now we describe experiments that examine the prediction error of MCM C-based Winnow.
In both training and testing, we ran the MCMC-based simulation instead of brute force.
We performed k-fold cross-validation on six data sets from the UCI repository and com-
puted 95% confidence intervals (it is not practical to run brute force Winnow on auto and
annealing). Since Winnow can only make binary predictions, we train one Winnow DNF
learner for each class. After training, we take an unlabeled example, estimate the weighted
sums of all Winnows on that example, and predict the class with the Winnow that has the
maximum weighted sum. Table 2.5 summarizes the results. For each data set, all six sam-
plers have similar performance. All confidence intervals of each data set overlap. Although
no sampler showed a significant advantage over others, we notice that prediction errors of
all three samplers are often lower than their PT versions. Another interesting fact is that
MCM C-based Winnow has even better performance than brute force Winnow on iris and
car. On breast cancer and voting data, non-PT samplers showed little difference from brute

force Winnow. Thus for the data sets we tested, there does not seem to be any disadvantage

8t seemsit isimpractical to run brute force Winnow when n is bigger than 20. But the simulated datais
randomly generated from monotone DNF. Each variable only can be 1 or 0. Since we do not need to consider
the variable with 0 value (see Section 3.1), the expectation of the number of variables needed by brute force
Winnow isn /2. So we can run brute force Winnow even when n = 40.
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Table 2.6: Comparisons of prediction errors on Voting (n = 16 and Tj, = 256).

M - Metropolis, G - Gibbs, MG - Metropolized Gibbs, PT - Parallel Tempering, BF - Brute Force.

T, 800 1600 3200 6400 9600 12800 16000

M 51£1.7 53£16 50+21 53+18 50£1.3 48+£1.6 55+24
G 46+25 48+£1550+£24 48+21 6.0£25 46+£18 43+20
MG 51£1.1 50+£15 50+2146+16 48+1.8 5.0£2.7 59+25

M+PT 53+19 41£09 50+£16 55+15 5018 41+£2036+1.9
G+PT 5.3+14 48£18 59+£28 59+25 5H54£18 4.6+£22 43+20
MG+PT | 51 +£1.1 3.24+0.9 54425 48+£27 50+£25 50+22 55+24
BF 5.0£2.0

to using an MCM C-based approximation in place of brute force.

To further investigate these observations, we reran the experiments of Section 2.6.1.
There were 7 experiments for simulated data and 7 experiments for Voting. For Voting, 10-
fold cross-validation was done for each experiment. Table 2.6 reports the results. MCMC
samplers with PT have higher prediction error than non-PT versions when 7 is less than
9600, except for T, = 1600. When T} is bigger than 9600, PT versions have equal or even
better performance compared to non-PT versions. We suspect this behavior was because
when T, is small, Guess Error of al samplers is high. The estimated value IV varies a
lot at different time ssimulations. Since parallel tempering allows greater mobility (see
Section 2.4.4), PT would introduce more variation, which makes it is hard for Winnow
to learn. But when Guess Error is very low, this variation does not change Winnow’'s
learning procedure according to Theorem 2.1 and Corollary 2.3. Also we notice that in
this experiment, Gibbs has the lowest prediction error four times, which is best in non-PT
version. But the best PT sampler is Metropolis with PT. Finally, note that brute force does
not have any significant advantage over most approximations, and is often worse.

Table 2.7 reports results for smulated data. Here we fixed 7T, and varied n. Each
experiment involved 10 training/testing sets. Samplers with PT have better performance
when n is 10, 15 and 40, and show little difference on other n. Because Guess Errors of

PT and non-PT samplers are almost same, the only reason is the randomness in samplers
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Table 2.7: Comparisons of prediction errors on simulated data (7, = n? and T, = 10000).

M - Metropolis, G - Gibbs, MG - Metropolized Gibbs, PT - Parallel Tempering, BF - Brute Force.

n 10 15 20 25 30 35 40

M 1.8£16 2.6+£26 744+39 42£23 60+£30 72+59 7.0£7.0
G 1.8£16 3.0£25 78+43 34+£3080+£35 74+49 6.2£38
MG 1.8+14 26+23 72£35 38£29 64+£39 88*£52 7.0£39

M+PT 14+£15 44+24 74+£37 32£28 64+4170+38 58L£45
G+PT 1.6+£2.0 3.0+£18 56=£3144£33 74+£45 72+£36 6.0£34
MGH+PT | 1.6+1.5 2.6+26 7.0+43 3.2£23 78+£43 9.6+£55 6.0+4.1
BF 28+£26 46+£38 72+42 444+44 62£39 T74+£35 56+4.0

as we discussed before. MCM C-based Winnow achieved lower error rates than brute force
Winnow when n is smaller than 20. But they have higher error rates when n = 40 since
Guess Error isrelatively high. Also we notice that in this experiment, Gibbs has the lowest
prediction error for three times, which is best in non-PT version. But the best PT sampler
is Metropolis with PT. Again, we see that brute force's error is at least as large as severd
of the approximations.

From all above results, we found when Guess Error is small, MCMC-based Winnow
can get equal or even better performance than brute force Winnow. Parallel Tempering
introduces more random behavior in MCMC. Its performance is hard to predict. In this
sense, Gibbs sampler, which has the best performance in terms of Guess Error, is a good
choice, though its advantageislessclear in termsof prediction error. We do not recommend

using its PT version.

2.6.3 Comparisons of Computation Cost

Here we report speedups of our optimized algorithm (Section 2.3.3) over Chawla et a.’s
solution in terms of the total numbers of Markov chains that are used. In Tables 2.8 and
2.9, “MCMC” isthetotal number of chains used by Chawlaet al.'s solution. “Opt MCMC”
is the total number of chains used by our agorithm. So MCMC = Y[ (r, — 1) and
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Table 2.8: Comparisons of the total number of Markov chains on simulated data (in thou-
sands).

n € MCMC OptMCMC Savings (%) Savingsieory (%0)
10 0.351 4.6 4.1 11.3 6.4
15 0.365 11.9 11.2 6.3 3.9
20 0.340 20.8 18.7 10.0 7.0
25 0.4%4 23.5 21.2 9.7 6.8
30 0.363 40.8 37.5 8.1 51
35 0421 58.7 53.0 9.7 6.2
40 0.294 60.9 53.2 12.7 6.8

Opt MCMC = >",_, r;, wherer; isthenumber of chains used by our optimized agorithm
at trial ¢ and 7 isthe number of trials. “Savings’ is the percentage of chains our algorithm
saved, that is, Savings = 1 — Opt MCMC/MCMC. " Savingseor,” iS the percentage
of chains our algorithm can save according to the worst-case analysis of Theorem 2.6.
To compute Savingsineory, We computed the number of chains saved for each trial and
add them up over al trials. SO Savingsieory = Yy | In(Savg(W;))|/MCMC, where
Savg(Wy) = 1+ ¢ if Wy > 0, Savg(W;) =1 — ¢ if W, < 6. Sinceitis not practical to
compute W, for auto and annealing, we cannot compute Savingsheory. 1N the tables, £ is
the average over all trialse, = |(W; —6)/6|, which is the normalized distance between true
weighted sum 1V, and threshold 4.

Results in Tables 2.8 and 2.9 confirm that we do not need to run all chains when esti-
mating weighted sums. However, this widely varies with the data set. A possible reason is
that the true weighted sums of Winnow are much less or much greater than the threshold for
some data sets, and closer for others. When the true weighted sums diverge significantly
from the threshold, there are more chances for our algorithm to stop early. As shown in

Tables 2.8 and 2.9, when Savingsieor, 1S big, the true savings is often big.
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Table 2.9: Comparisons of the total number of Markov chains on UCI data sets (in thou-

sands).
Data Sets € MCMC OptMCMC Savings (%) Savingsieory (%)
irs 0.472 217.7 200.1 8.0 114
car 0.529 14272.7 14032.0 1.7 0.12
breast cancer 0.500 45176.2 45111.5 0.2 0.04
voting 0.587 1185.5 1132.0 4.5 0.48
auto - 13822.8 13751.7 0.5 -
annealing - 4855.2 3781.6 22.1 -

2.7 Conclusions

We proposed an optimized MCMC solution for estimating weighted sums in Winnow. We
showed that it often uses less computation time than Chawla et al.’s solution without any
loss of classification accuracy. Our experimental results confirmed that our algorithm only
needsto use asubset of all Markov chainsimplied by the original solution. We al so showed
how to get such a subset with the smallest size and gave lower bounds on how many chains
our solution can save. We also empiricaly compared three new MCMC sampling tech-
niques. Gibbs, Metropolized Gibbs and parallel tempering. They al showed better per-
formance than Chawla et a.'s Metropolis sampler in terms of accuracy of weighted sum
estimates. We aso found that the Gibbs sampler had good performance on average. Fur-
ther, we found that al approximation algorithms had prediction error that was no worse

(and often better than) a brute force version that exactly computed the weighted sums.
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Chapter 3

A Faster Winnow-based Algorithm for

Generalized Multiple-Instance Learning

3.1 Introduction

In multiple-instance learning (MIL), each example is a multiset (called a bag) of instances
(points) rather than a single instance. Dietterich et a. [14] first introduced the MIL model
motivated by the problem of predicting whether a molecule would bind at a particular
site. Since shape of a molecule largely determines binding affinity, they represented each
molecule by a high-dimensional vector that describes its shape, and |abeled molecul es that
bind at asite as positive examples and those that do not bind as negative. Then they learned
an axis-parallel box that distinguishes the positives from the negatives. The motivation for
the MIL model isthe fact that a single molecule can have multiple conformations (shapes),
and only one conformation need bind at the site for the molecule to be considered positive.
Thus when an example is negative, all conformations in it are negative, but if an example
is positive, then it may be the case that only one conformation of the set is positive, and the

learner does not know which one. Since its introduction, the MIL model has been applied
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to content-based image retrieval [32, 53], where each instance in a multi-instance example
(bag) represents a feature of an image, and it is not known which feature corresponds to
the content the user wants to retrieve. Aswith binding prediction, the MIL model used for
content-based image retrieval assumes that the label of an example is a digunction of the
labels of the instances in the example.

Recently Scott et al. [40] introduced a generalized MIL (GMIL) model where the target
concept is a set of points and the label for a bag is determined by a more genera (non-
digunctive) function over the attributes. They also gave an algorithm GMIL-1 that learns
geometric conceptsin the GMIL model and applied it to several application areasincluding
content-based image retrieval, drug discovery, robot vision, and protein sequence analysis,
comparing their results to those of DD [31] and EMDD [52], which are very successful
algorithmsin the conventional MIL model. Their algorithm’s classification error rateswere
consistently competitive with those of DD and EMDD, and in several cases significantly
better. Thus the GMIL model is better suited for some applications than the conventional
MIL model.

However, GMIL-1 is inherently inefficient, requiring hours of computation time and
hundreds of megabytes of memory to train. Here we present a much faster and more
memory-efficient algorithm that can handle the requirements of real pattern recognition
systems. Our experimental results show that our new algorithm has the same generaiza-
tion ability as the basic algorithm, but needs much less computation time and memory.

The rest of this chapter is organized as follows. In the following section, we discuss
related work in conventional MIL. Then we describe Scott et al.’s GMIL model and their
algorithm GMIL-1 for learning in GMIL. After that, we describe our new, faster GMIL
algorithm. In the experimental section, we evaluate our algorithm on three application
areas (discovery of antagonist drugs, content-based image retrieval and identifying Trx-

fold proteins) and compare it to GMIL-1. In the last section we give our conclusions and



37

future work.

3.2 The Conventional MIL Model

In the origina MIL model [14], each example P is abag (multiset) of instances, and P is
given alabel of positive if and only if at least one of the instancesin P islabeled positive
(it is unknown which instance(s) in P are labeled positive). Typically, the label of a point
p € P isdetermined by its proximity to a target point c. They aso argued empirically
that axis-parallel boxes (APR) around target points are good hypotheses for this and other
similar learning problems. An APR b can be defined by its lower bounds and upper bounds
on al dimensions. A point p is contained by an APR b if its projection lies between the
lower bound and upper bound of b on al dimensions. If point p is contained by a target
APR, p’slabel is positive and negative otherwise. This MIL model has been extensively
studied [2, 29, 31, 7, 48, 52, 1], along with extensions for real-valued labels [15, 35] and
with applications focusing on molecular binding affinity (related to drug discovery) and
content-based image retrieval.

In most MIL work, the label of a bag depends only on the label of a single point, and
the label of each point typically is assumed to depend on a single target point. Exceptions
include the algorithms DD [31] and EMDD [52] in which a target concept can be a dis-
junction over multiple points. In Maron et al.’s work, they mapped each pair of instances
to a new instance and added spatial information about the instance pair, which defined a
pairwise conjunctive type of learning model. However, they found that allowing more than
2 diguncts in the target concept or taking more than 2 instances at a time proved com-
putationally very difficult. However, such digunctions have to be severely restricted for
the sake of computational efficiency. In other work, De Raedt [13] generalizes MIL in the

context of inductive logic programming and defines an interesting framework connecting
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many forms of learning, allowing relations between instances. However, the transforma-
tions he gives between the models have exponential time and space complexity. Also, such

generalizations must be explicitly tuned.

3.3 Scott et al.'s Generalized MIL Model

A naive extension of the conventional MIL model isthat atarget concept C'isaset of < k
axis-parallel boxes and abag B is positive if and only if (1) every point of B liesin some
box of C, and (2) every box of C' contains a point from B. Intuitively, this extension of
concept class captures the notion of visual similarity quite effectively. However, in pattern
recognition applications, this class is not robust against noise or occlusions. Instead, often
what isemployed is atarget concept C' isaset of at most k axis-parallel boxesand abag B
ispositive if and only if strictly fewer than s boxes of C' do not contain a point from B.

In Scott et al's GMIL model [40], the target concept isaset of pointsC = {cy, ..., ¢},
andthelabel forabag B = {p1, ..., p,} ispositiveif and only if thereisasubset of r target
points C" = {c;,,...,¢;, } € C suchthat each ¢;; € C’ is near some point in B, where
“near” is defined as within a certain distance under some weighted norm. Here r is a
threshold indicating the minimum number of target points that must each be “hit” by some
point from B (the same point in B could hit multiple target points). In other words, if we
define a boolean attribute a; for each target point ¢; that is 1 if there existsapoint p; € B
near it and O otherwise, then the bag's label is some r-of-k threshold function over the
attributes (so there are k relevant attributes and B’slabel is 1iff at least r of these attributes
are1). Notethat if » = 1 then this model is the conventional multi-instance model, except
that there are multiple target points and the final concept isaunion of these points. If r = k
then a conjunctive model exists, where each target point must be hit by someinstancein B.

Then the model can befurther extended inthefollowingway. If welet C = {¢,, ..., v}
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beaset of “repulsion” points, then we can require a positive bag to not have any points near
each point of C" = {7} , ..., ,} € C inaddition to having a point near each point in C".
This means that to be positive, certain feature values have to be present in some points of
bag B, but also certain feature values must be absent. This proved useful in some of our

experiments as well as those of Scott et al..

3.4 GMIL-1: A Winnow-based Algorithm for General-
ized Multiple-Instance Learning

Scott et al.'s agorithm (GMIL-1) [40] for learning geometric concepts in the GMIL model
assumes that each bag is a multiset of at most n points from the finite, discretized space
X = {1,...,s}. Their agorithm then enumerates all the possible N = (s(s + 1)/2)*
axis-parallel boxesin X and creates two attributes for each box b: a, and a,. Given a bag
B € X™, the algorithm sets a;, = 1 if some point from B liesin b and a, = 0 otherwise.
Then! @, = 1 — a;. These 2N attributes are then given to Winnow [26], which learns a
linear threshold unit.

If each bag's label is given by some r-of-% threshold function over the attributes (so
there are k relevant attributes and B’s label is 1 iff at least » of these attributes are 1),
then applying well-known results allows us to conclude that Winnow’s generalization error
when learning such functions is bounded by a polynomial in k, r, d, and log s. However,
its time complexity is Q(s2¢) per trial, which is exponential in both log s (the number of
bits needed to describe each instance) and d. As an example of why thisis a problem even
for small d, consider the case where s = 10 in each dimension for a 4-dimensional space.

Then the number of attributes to Winnow in thiscaseis2 - (10(10 4 1)/2)"* ~ 1.83 x 107.

1Both these complementary attributes are required since Winnow only learns monotone disjunctions (de-
fined below).
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To overcome the exponential dependence on log s, GMIL-1 partitions the set of NV
boxes into groups such that it is guaranteed that for each box b in agroup G, all attributes
a, have the same weight in Winnow, as do al attributes a,. Thus the algorithm maintains
only one representative box per group G and exactly computes Winnow’s weighted sum
(i.e. the quantity compared to the threshold when making predictions) by summing the

products of each group’s weight and its size:

N
Zai We, + @; Wg, = Z |G| (ag Wag, + G Wag,),
i=1 Gerl’

where |G| isthe number of boxesin group G, a¢ istheattribute for group G’ srepresentative
box, and I is the set of al groups. The set of groups is built by using the union of points
from all bags® to rectilinearly partition X' (see Figure 3.1). The result is a set of regions
such that any pair of boxes b; and b; are in the same group if both have their “lower left’
cornersinregion 1 and their “upper right” cornersinregion Z. Itiseasy to seethat when
the groups are constructed this way, for each pair of boxes b and b’ in the same group G,
b and b’ contain the same subset of points from all bags. Thus a, = ay and a, = ay for
al bags, and all the Winnow weight updates are the same for attributes a;, and a, as well
as a, and @, . Using this construction, at most O(m?4+1) groups are built, where m is the
number of points used to partition the space. Thus the exponential dependence on log s is
removed, but the exponential dependence on d remains.

Scott et a. applied GMIL-1 on four application areas. robot vision, content-based
image retrieval, protein sequence identification, and drug discovery. Their experiments
showed that GMIL-1 is competitive with (and often better than) DD [31] and EMDD [52],

which are two of the better algorithms in the conventional MIL model (some of these

2When applying GMIL-1 on some applications, Scott et a. also used clustering on the training set to
preprocess the data to reduce the number of points m used to build the groups. This was done with data sets
where the dimension d > 2.
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Figure 3.1: An example of how GMIL-1 constructs its groups.

previous results are summarized in the experimental section). But in these experiments
GMIL-1 built around 4-7 million groups, requiring 500700 Mb of memory and around
30 hours to train. However, they also found that after training was completed, most of the
groups could be thrown out with no impact on prediction error. Indeed, after training they
could always discard at least 80% (typically more than 97%) of the groups with the lowest
weight in Winnow and have a hypothesis that predicts nearly as well as the original. This
suggests that only arelatively very small subset of groups is needed to learn these concepts

well, which motivates our design of GMIL-2.

3.5 The Algorithm GMIL-2

GMIL-2 is similar to GMIL-1 in that it groups boxes together, assigns boolean attributes
to these groups, and gives these attributes to Winnow to learn an r-of-£ threshold function
over these attributes. The key difference from GMIL-1 is how GMIL-2 builds the groups.

First, rather than using the union of points from all training bags, GMIL-2 usesa set ¥ of
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representative points that capture the distribution of the training bags. Second, rather than
basing the construction of the groups on a rectilinear partitioning of X', GMIL-2 directly

considers all subsets of W.

3.5.1 The Basic Algorithm

Recall that the reason we can group boxes together in GMIL-1 is that the boxes in each
group contain the same set of points. For example, in Figure 3.1, the group defined by
regions W and 7 isaset of boxesthat contains and only contains points 2, 3 and 5. Instead
of representing this group as abox, we can represent it asaset S = {2, 3,5}. Any box that
contains point 2, 3 and 5 and does not contain point 1, 4 and 6 belongs to this group, such
asboxes bl and b2 in Figure 3.2.

So in this representation, any subset of {1,2,3,4,5,6} isapotential group. But not all
of these subsets are valid groups, e.g. {4, 6} since any box containing points 4 and 6 must
also contain points 3 and 5. We can easily check if S isvalid by finding the smallest box
containing .S and comparing S with the point set contained by the box (described below).

Suppose a set of points ¥ is given as representatives of a distribution of pointsin a
d-dimensional feature space X'. Let S be a subset of . We call the smallest box that
contains .S the minimum bounding box (MBX) of S. A subset S C W isvalid if thereisno
point p € W\ S that is contained by the MBX of S, otherwise invalid. Each valid subset S
represents agroup G s of boxes that contain and only contain .S in . GMIL-2 enumerates
all such groups. For each group Gs, we define two attributes: 15 and I5. Given a bag
B € X", the algorithm sets g = 1 and Ig = 0 if for some point p from B, the MBX of
{p} U S does not contain any point from ¥ \ S. Otherwiseit setslg = 0 and /g = 1. These

attributes are then given to Winnow.
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Figure 3.2: An example of how GMIL-2 constructs its groups.

3.5.2 Building the Group Set

GMIL-2 needsto buildthegroupsetT" = {Gs | S C ¥ and S isvalid.}. A naivealgorithm
is enumerating all 2/Y! subsets of ¥ and checking if they are valid. But it has a time
complexity exponential in the number of representatives. A simple improvement can be
achieved when || > 2d, where d is the number of dimensions. Since each box is defined
by its lower and upper bounds in each dimension, any MBX of S is determined by at most
2d points. Thus we can build a set T containing al possible MBXs by enumerating all
subsets that have equal or less than 2d representatives. From T, we can build a group
set IV = {S | S C ¥andS isthelargest set containedby b € T }. It is easy to see that
I = I. Thetime complexity of this agorithmis O(3>77, (11).

We now describe our algorithm to build the set of groups I'. Obviously, brute-force
enumeration and testing of all 2/¥! subsets of W isimpractical for even moderately sized V.

Thus our algorithm for building the set of groups exploits the geometric property that many

of these 2!*! subsets will be invalid. Our agorithm is similar to breadth-first searching of
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the set of all possible groups. ThisBFS algorithm aso leadsto aheuristic for choosing ¥ in
such away that allows | V| to be quite large while keeping |I'| small, e.g. in our experiments,
we used |¥| € [5,105] but had |T'| < 10°.

Our BFS algorithm first putsinto I' the empty set and all singleton subsets {p} for each
p € ¥ because all such subsets are valid. After that, it identifies all valid subsets with size
2 and adds them to I, then valid subsets with size 3, and so on up to size |¥|. To find all
valid subsets with size k + 1, BFS looks at all size-k subsets. For each size-k subset .,
BFS considers each point p € W\ S". Each point p is added to S’ to form S}, = 5" U {p}.
Then BFS builds the MBX b, for each S}, and adds to W the largest set S] C W contained
by b,. (Note that we might have |S//| > k + 1. That set is still added to ¥.)* Since any
size-(k + 1) valid subset can be built by adding one or more points to a valid subset with
sizelessthan k& + 1 according to Theorem 3.1, the algorithm is guaranteed to find all valid

size-(k + 1) subsets.

Theorem 3.1 For any valid non-empty subset S C W, there exist a valid subset S’ and a
point p suchthat p € S\ S"and M BXg = M BXgp)-

Proof: Since S isnot empty, thereisapointp; € S. Let S; = {p}. S; € S and S isvalid.
Then we pick apoint p, from S\ S; and let Sy = S; U {p2}. M BXg, mustliein M BXg.
Otherwise M B X g is not the smallest box that contains S since S, C S. Then we build a
new subset .S, that is the set of points from W that is contained by M BXg,. Since M BXg
contains M BXg,, M BXg must contain S,. So .S, C S and S, is bigger than 57 = S; and
also valid.

By repeating the above procedure, we can get aseriesof S!. At each time S! getsbigger

and S\ S gets smaller. So for at most |S| times, we will get a S that S;,;, = S is built

3For example, in Figure 3.2, adding 2 into {3,5} yieldsavalid subset S5 = S = {2,3,5}. But adding 4
into {3,6} yields S, = {3,4,6} and S}/ = {3,4,5,6}. Then S} isadded to V.
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by adding ap;; into S! unless S isnot valid. Then S! and p; ,, are what we claimed in the
theorem. 0

Thetime complexity of our BFS group-building algorithmisobviously O(|¥||T'|), com-
pared to the trivial lower bound of Q(|T"|) required to completely enumerate I'. The time
complexity of our BFS building algorithm is O(3>I", p;|¥|) = O(|¥||T|), where p is the
number of valid size-k subsets. So the computation time is decided by the total number
of groups. Since [I'| < min{2¥!, |¥|2?}, at worst case, the time complexity of the BFS
algorithm is || times of either that of the brute-force enumeration or GMIL-1's building
algorithm. That means the speed of our BFS algorithm is relatively close to other two al-
gorithms even in the worst case if W issmall. If U is big, the brute-force enumeration and

GMIL-1 both need a great amount of time. However usually not al subsets can be valid

especially when ¥ isbig . Thus |T'| is often much less than min{2/¥!, | |4},

3.5.3 Selecting Representatives

Obviously the more representatives that are used, the more accurately they represent the
true distribution of the points in the bags. This tempts one to let ¥ be the union of the
pointsin all the training bags. However this could make |I"| prohibitively large. Thus we
need to reduce |¥'|. One way is clustering al the points in the training bags and setting ¥
to the set of point representatives of these clusters.

Intuitively, the larger W is, the better our resolution will be of the instance space and
the better our algorithm will learn. However, because point representatives of clusters will
typically lie in general position (i.e. not lie on the same low-dimensional hyperplanes),
increasing || using cluster representatives only will dramatically increase |I'|. To seethis,
note that if most subsets of the points in Figure 3.2 were collinear instead of in generd
position, the number of distinct valid groups would decrease significantly. This motivates

our method of building : first we set W to be the point representatives of a small number
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of clusters (e.g. 5). Then we add many random points (e.g. 100) to W that are collinear with
these point representatives.

We could get better representatives by increasing the number of clusters. But this also
increase the computation time of building I'. We want to find a way to increase the size
of W without dramatically increasing the size of I'. Here we point a general way to make
this possible, which uses the fact that S isinvalid if the MBX of S containsapoint p ¢ S.

Specifically, first we cluster all pointsin training bagsinto /V clusters. Then we build agrid

1
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3 | 4
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Figure 3.3: An example of how GMIL-2 adds additional points.

G such that the intervals on each dimension are defined by the projections of N clusters on
thisdimension. Let ()¢ bethe set of all crossing pointson G. We choose the IV clusters and
K additional random points from ) as our representatives. For example, in Figure 3.3,
we add tothe N = 6 cluster representatives (black points) X' = 4 additional (white) points
from Qg. A valid subset that contains point 3 and 5 must aso contain another two white
points. In addition, the values of these additional points come from N clusters instead

of any other random values. The heuristic is that these values should have more valuable
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information than any other arbitrary valuesif our clusters are meaningful.

3.5.4 Contrasting GMIL-1 with GMIL-2

Obviously the only difference in the running of both learning algorithms is the makeup of
the group set I'. Here we present some more detailed comparisons between the group sets
under various specia cases of the representative sets.

First consider when ¥ for GMIL-2 isthe union of al pointsin all training bags. Let S
beavalid subset of ¥ and let I'; bethe union of all groupsfor GMIL-1 whose boxes contain
exactly S. Then the GMIL-2 group represented by S is exactly equal to I'Y, ls = a¢ and
lg = ag for al training bags, and the two algorithms are equivalent. The only differenceis
that the set of groups (i.e. the set of attributes given to Winnow) is smaller for GMIL-2.

Now consider the case when GMIL-1 builds its grid on a set of representative points
rather than the union of all points in al bags (see Footnote 2). Now since the points in
Figure 3.2 are only representatives, it is possible that thereise.g. apoint x from thetraining
bags that liesin box b1 but not in 2. From its use of the grid to build its group set, GMIL-
1’s groups can recognize this fact, but GMIL-2's subset-based construction of I" prevents
this. Thus GMIL-2 operates in a space with lower resolution than GMIL-1, and the only
way it can match GMIL-1'sresolution isto set W = ()g. If thisis the case, then the two
algorithms are again equivalent.

Thus for specia cases, the two algorithms build equivalent group sets. If only a subset
of al training points or grid pointsis used as representative points, GMIL-2 can be treated
as an approximation to GMIL-1. The time complexity of GMIL-2 is polynomial in d but
in the worst case exponential in |¥|. Thus we can now scale up our algorithm to high
dimensions without much of a time complexity increase. However, we obviously cannot
use al points from the training bags, which means we learn on a reduced resolution. This

may cause a significant increase in prediction error for large d (we are currently exploring
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this). But whether or not GMIL-2 issuitable for high-dimensional data, our experimentson
smaller dimensional data confirm that GMIL-2 issignificantly faster than GMIL-1. Further,

it turns out that the low resolution does not hurt in practice.

3.6 Experimental Results

We now describe our experiments comparing GMIL-2 with GMIL-1 in terms of generaliza-
tion error and computation costsin two application areas: drug discovery and content-based
image retrieval. Our results show that GMIL-2 is much more efficient than GMIL-1 with
no significant change in prediction error. We also compare these results with prediction
errors of DD and EMDD on the same data sets and a new application area, identifying
Trx-fold proteins, where GMIL-1 cannot be applied due to its impractical space and time

requirements.

3.6.1 The Application Areas

We applied GMIL-2 on several application areas. First we describe two of them where MIL
have been successfully applied, drug discovery and content-based image retrieval. We also
describe the potential tasks in these two applications and the corresponding data sets. Then

we introduce a new application area, identifying Trx-fold Proteins.

Binding Affinity/Antagonist Drugs

Dietterich et a. [14] introduced the conventional MIL model motivated by predicting
whether a conformation of a particular molecule would bind to a single site in another
molecule. But an open problem is how to predict “antagonist drugs’, whose jobs are to
bind at multiple sitesin a single molecule by fitting in several of them simultaneously. This

cannot be represented by a single axis-parallel box in the standard MIL model, but there
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is a natural representation of this in our model by setting » = k. Such a target concept
would typically be defined in a very high-dimensional space, since a representation of a
conformation is very complex [14].

We used a generalization of the synthetic data of Dooly et a. [15] to reflect the notion of
antagonist drugs [14] where a molecule must bind at multiple sites to be labeled positive.
Dooly et al. created their data by first generating a single “artificial receptor” ¢. Then
“artificial molecules’ (denoted B;) were created, each with 3-5 instances per bag. The
label of bag B; was determined as follows. For each B;; € B;, they computed E',, which
is the binding energy of B;; to ¢t. They then identified the instance B;; € B; that most
strongly bindstot and set E, = Ep,;. They then normalized E', to [0, 1] and threshol ded
itat 1/2 to get abinary label asto whether the molecule binds at .

In our generalization, there are multiple target points (“ subtargets’), each of which must
bind to some instance in a bag for the bag to be positive. |.e. bag B;’s label is positive iff
each subtarget induces a normalized binding energy of at least 1/2 in some point B;; € B;.
That is, one thresholds

i { o { TV =P}

teT Bi.?'eBi Emam

We used the modified data generator to build ten 5-dimensional data sets with 4 sub-
targets*. For each data set, we first randomly generated 4 sub-targets and then used the
target to label atraining set and test set, each of size 200. One bag was for training all
algorithms, one bag was for testing, and the third was used by EMDD as a validation set
for selecting its final hypothesis (so EMDD had a de facto training set of 400 bags). Each

data set consisted consisted of approximately 47% positive bags.

“4Each sub-target corresponds to a site that a molecule must bind to in order to be considered a positive
bag.
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Content-Based Image Retrieval

In content-based image retrieval (CBIR), the user presents examples of desired images, and
the task isto determine commonalities among the query images. [32] [32] explored the use
of conventional MIL for CBIR. They filtered and subsampled the images and then extracted
“blobs” (groups of m adjacent pixels), which were mapped to one point in abag. Then they
used the MIL algorithm diverse density (DD) [31] to learn a hypothesis and find candidate
images in the database. This work was extended by Zhang et al. [53], who observed that
in their experiments, it was likely that not one but several target points (in a disjunctive
form) were responsible for labeling the examples. In addition, it is arguable that if the
target concept were conjunctive (e.g. the desired images contain a field and a sky), then
the standard MIL model will not work and a more expressive hypothesisis needed. Thisis
especialy trueif acriterion for being positive included the absence of certain features, e.g.
the images contain a field and contain no sky. Such a notion cannot be represented by DD
or EMDD.

We experimented with two CBIR tasks®. One is Zhang et al.'s “sunset” task: to dis-
tinguish images containing sunsets from those not containing sunsets. Like Zhang et al.,
we built 30 random testing sets of 720 examples (120 positives and 600 negatives): 150
negatives each from the waterfall, mountain, field, and flower sets. Each of 30 training sets
consisted of 50 positives and 50 negatives.

Another task is to test a conjunctive CBIR concept, where the goal is to distinguish
images containing afield with no sky from those containing afield and sky or containing no
field. Werelabeled Zhang et al. sfield images from positive to negative those that contained
the sky. Each training set had 6 bags of each of flower, mountain, sunset, and waterfall for
negatives, and had around 30 fields, 6 of them negative and the rest positive. Each negative

test set had 150 bags of each of flower, mountain, sunset, and waterfall. Also, each test set

5Based on data from [49], the Corel Image Suite, and www.webshots.com.
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had 120 fields, around 50 serving as positives and the remainder as negatives.

Identifying Trx-fold Proteins with Low Primary Sequence Conservation

The low conservation of primary sequence in protein superfamilies such as Thioredoxin-
fold (Trx-fold) makes conventional methods difficult to use. We propose using multiple-
instance learning as atool for identification of new Trx-fold proteins as well as other pro-
teins belonging to superfamilies with low primary sequence conservation [47]. We mapped
aprotein’s primary sequence to abag in the following way. First, we found in each positive
and negative sequence the primary sequence motif (typically CxxC) that is known to exist
in al Trx-fold proteins. We then extracted a window of size 214 around it (30 residues
upstream, 180 downstream) and aligned these windows around the motif. We then mapped
all sequences to 8-dimensional profiles based on the numeric properties of Kim et a. [24]
and used them as inputs to the multiple-instance learning algorithm.

GMIL-1 is not suitable for the protein data set. As an example why thisis a problem,
consider the case where 5 clustersis used to built the grid on the 9-dimensional space ( 8-
dimensional profilesand an additional dimension for identifying the positions of amid acids
in protein sequences ). Then the number of attributes used by GMIL-1is2 - (5(5 + 1))?
3.94 x 10'3. Soitisnot practical to use GMIL-1. Instead we can apply GMIL-2 to this data
set. We used GMIL-2 to perform cross-validation tests. 20-fold CV on the 20 positives
and 8-fold CV on the 160 negatives. So in each round, we trained GMIL-2 on 19 positive
proteins plus one of 8 sets of negative proteins, and tested on the held-out positive protein
plus the remaining 7 sets of negative proteins. We repeated this for each of the 8 sets of

negative proteins.
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3.6.2 Comparison of Prediction Error

For both GMIL-1 and GMIL-2, we k-means clustered all training sets and used the clusters
point representatives when building group sets (see Footnote 2). The drug discovery data
was clustered into m = 5 clusters and m = 6 clusters for CBIR. For building groups for
GMIL-2, we added to ¥ arandomly-chosen size- K subset of §2g, where K was varied to
measure the effect of reduced resolution on generalization error. In all experiments, we
trained both algorithms until they achieved zero training error or until they trained for 100
rounds.

In Figure 3.4, al plots show the same trend. When the number of additional points K is
small, GMIL-2 has very high training error and testing error. But by increasing K, we see
adramatic decrease in the false negative error rates®. Once K exceeds some value (which
depends on the data set), we see that GMIL-2's performance for both FP and FN error rates
is statistically indistinguishable from those of GMIL-1. |.e. GMIL-2 learned a hypothesis
that is statistically the same as GMIL-1's. In addition, the value of K required to do this
is quite small (10-60), and much less than |Q2g| (as discussed earlier, K = |Qg| would
make the two algorithms exactly equivalent). For example, for the drug discovery data
GMIL-2's prediction error was indistinguishable from GMIL-1'susing |V| =5 + K = 65
representativeswhile GMIL-1 used 16807 grid points. Thus GMIL-2 can run on arelatively

small number of representatives without a significant increase in prediction error’.

3.6.3 Comparison of Computation Costs

The computation time of both GMIL-1 and GMIL-2 depends on the number of groups and

how fast they converge. Their memory requirements aso depend on the number of groups.

SFor small K, false positive error is 0 because the initial weights in Winnow cause it to always predict
negative with using low-resolution inputs.

"We also compared GMIL-1 and GMIL-2 on robot vision data, where all training bags (with no clustering)
were used to build GMIL-1's grid on 185344 points and GMIL-2 used |¥| = 300 points. Our results were
similar in that GMIL-2's FP and FN rates were statistically indistinguishable from those of GMIL-1.
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In Table 3.1(a), we compare the number of groups built by GMIL-1 to the number built
by GMIL-2 with K = 100. It is obvious that GMIL-2 built much smaller group sets than
GMIL-1, which means GMIL-2 used much less memory and ran much faster than GMIL-
1. We aso compared the average number of trials required for each algorithm to converge
to zero error on the training set. From Table 3.1(b), we see that GMIL-2 converged in
about the same number or even fewer trials than GMIL-1. So generally speaking, they
have the same rate of convergence. In al these experiments, GMIL-1 required 500-700 Mb
of memory and ran for around 30 hours to train on a single data set. In contrast, GMIL-2

used less than 50 Mb of memory and finished training in less than one hour on average.

Table 3.1: Comparison of the computation costs of GMIL-1 and GMIL-2.

(a) The average number of groups generated.

Data Sets GMIL-1  GMIL-2  Savings (%)
Drug discovery 4.08 x 105 6.86 x 10* 98.3
CBIR: sunset 3.89 x 105 6.19 x 104 98.4
CBIR: conjunctive | 5.75 x 105  8.46 x 104 98.5

(b) The average number of trialsin which the algorithms converged.

Data Sets GMIL-1 GMIL-2
Drug discovery 26.8 34.0
CBIR: sunset 41.7 29.0
CBIR: conjunctive 21.4 16.8

3.6.4 Comparison to DD and EMDD

We now compare generalization error of GMIL-1 and GMIL-2 (with K = 100) to those
of EMDD and DD (that work in the conventional MIL model). EMDD and DD were run
on the original, unclustered data, so they have full resolution, in contrast to the GMIL
algorithms.

Results are presented in Table 3.2. For drug discovery, the FP errors of the two GMIL

algorithms are less than DD and EMDD, but their FN errors are higher. We suspect that
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some of the FN error comes from the data’s low resolution due to clustering in forming the
grid.

In the sunset task of CBIR, al four algorithms have similar FP and FN error; none
of them shows a significant advantage over the others. However, for the conjunctive task,
GMIL-1 and GMIL-2 achieved the lowest FP and FN errors. This occurred despite the
potential loss of information dueto clustering. Thuswe seethat conjunctive CBIR concepts
benefit from generalized MIL. Also we notice that GMIL-2 hasalittle bit higher prediction
error but again shows almost same generalization ability as GMIL-1 when compared to DD
and EMDD.

For the protein data set, our results show that GMIL-2 performed well, with relatively
high true positive and true negative rates. GMIL-2 can identify 75% of the Trx-fold proteins
in this test with a 75% true negative rate, which are both better than EMDD. Although DD
have around 87% true positive rate, their true negative rates are less that 44%, which is

much lower than GMIL-2.

Table 3.2: Generalization error of GMIL-1, GMIL-2, DD, and EMDD.

FP error.
Data Sets GMIL-2 GMIL-1 DD EMDD
Drug discovery 0.208 0201 0274 0.263
CBIR: sunset 0.082 0.080 0.078 0.082
CBIR: conjunctive | 0.140 0128 0173 0.213
Protein 0.250 N/A 0.668 0.365
FN error.
Data Sets GMIL-2 GMIL-1 DD EMDD
Drug discovery 0.230 0.224 0108 0.109
CBIR: sunset 0.160 0.157 0.168 0.166
CBIR: conjunctive | 0.244 0219 0282 0244
Protein 0.250 N/A 0.125 0.360
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3.7 Conclusions

While the standard MIL model is powerful, there exist applications with natural target
concepts that cannot be represented. This is what motivated the prior introduction of the
GMIL model, along with the algorithm GMIL-1 to learn geometric concepts in it. Here
we presented GMIL-2, a much faster algorithm than GMIL-1. GMIL-2 uses a compact
group set based on a set of representative points. Our experimental results show that our
strategy for selecting representatives not only generates a relatively small W, but also has
almost same generalization ability as GMIL-1 that uses NV clusters to separate the space.
An interesting fact we found is that in some applications, we do not even need atraining set
to generate G.It seems a grid has more general meaning than clusters. One benefit is that
we can find a“good” grid for an application and build and store . Then we can usethis ¥
for any training set 8. We can also train our algorithm on-line, which should be useful for
applications with dynamically maintained databases.

Our experimental results show that it has the same generalization ability as GMIL-1 and
needs much less time and memory to train. Thus we was able to apply our new algorithm
to protein sequence data where GMIL-1 cannot be used in practice. Besides Trx-protein
sequence data, GMIL-2 have also been applied to other protein data sets such as GPCR
and achieved promising results [51, 25]. In next chapter, we will also ook at applications
with relatively high dimension, e.g. d > 100. We will explore kernel techniques (for use
in a support vector machine) to quickly compute the weighted sum of the inputs, entirely

eliminating the need to enumerate the groups and yielding a more scalable algorithm.

8For example, there are only 20 distinct amid acids in protein sequences. So we can use the 20 profiles as
representatives to build a group set, which does not depend on any training set.
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Figure 3.4: Comparison of prediction error rates of GMIL-1 and GMIL-2 while varying K
(the number of additional points used bv GMIL -2).
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Chapter 4

A Kernel for Generalized

Multiple-Instance Learning

4.1 Introduction

Both GMIL-1 and GMIL-2 have exponential time complexity and are thus limited to small
numbers of points n or small numbers of dimensions d. In seeking out an algorithm that
scales polynomially in both n and d, we give akernel that can be used with a support vector
machine [46, 12] to efficiently learn geometric multiple-instance concepts. We show that
this kernel exactly corresponds to the feature mapping used by GMIL-1. To compute the
kernel, one takes two bags of points P and () and counts the number of boxes defined on
{0, ...,s}? that contain at least one point from P and at least one point from Q. We first
show that this problem is #P-complete, present afully polynomial randomized approxima-
tion scheme (FPRAS) for it, and then empirically evaluate our kernel.

The rest of this chapter is organized as follows. In the next section we introduce some
notation. Then in Section 4.3 we present our kernel-based reformulation of GMIL-1. We

show that computing this kernel is equivalent to counting the number of boxes that contain



58

at least one point from both sets P and @, a problem that we formally define in Section 4.4
as #BOXAnNd. We prove that this problem is #P-complete and give an FPRAS for it. In
Section 4.5 we describe experimental results of our new kernel on applications such as
content-based image retrieval, prediction of drug affinity to bind to multiple sites simulta-
neoudly, protein sequence identification, and the Musk data sets. Finally, we conclude in
Section 4.6.

4.2 Notation and Definitions

Let X denote {0, ..., s}¢ (though our resultstrivially generdizeto X = Hle{o, cey Sib)-
Let By denote the set of all axis-parallel boxes (including degenerate boxes) from X'. We
uniquely identify any box b € By asapair (by,b,), where b, is the “lower left” corner
and b,, isthe “upper right” corner. There are s + 1 possible values for each corner, so the
number of intervalsin each dimensionis (*}') + s + 1 since we allow degenerate intervals.
Thus |Bx| = ((°5Y) + s+ 1) = (*£?)".

For multisets P, Q C X, let B(P) denote the set of boxes in By that contain a point
from P and B(P A Q) denote the set of boxes in By that contain a point from P and a
point from ). When P and () contain single points then we will omit set notation. For
example B({p} A {q}) will bedenoted as B(p A q).

We will use vector notation to refer to points in X only when it is necessary (e.g. in

Section 4.4.1); otherwise we will just use lower case letters to refer to pointsin X'. The

notion of approximation that we use is defined as follows.

Definition 4.1 Let f bea counting problem. Then arandomized algorithm A4 isan FPRAS
(Fully Polynomial Randomized Approximation Scheme) if for any instance x, and para-
meterse, o > 0,

PrilA(z) — f(@)] <ef(x)] 21 -4
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and A’srunning timeis polynomial in |x|, 1/¢, and 1/6. Further, we call .A(z) an e-good

approximation of f(z).

The “kernel trick,” as it is often called, defines a kernel k(x,y) = ¢(x) - ¢(y) to
compute the dot product between two vectors x and y after they are mapped to a new space
by some function ¢(-). To gain intuition on why kernels are useful in training, consider the
operation of the Perceptron algorithm, which learns a linear threshold unit like Winnow. If
we let w;, € RV be the vector of weights maintained by Perceptron at update k, x; € RY
be the ith training example, and y; € {—1, +1} be example x;’s |abel, then Perceptron’s
prediction on the label of x; IS §;x = wy - x; (the sign of ¢;;, the prediction and |g;x| is
its confidence in that prediction). If g;,y; < 0, then a prediction mistake was made and
the weight vector is updated as follows: w1 = wy. + ny; x;, where ) is alearning rate.
The Perceptron algorithm also has a dual form, which is rooted in the observation that if

wy = 0, then after update &,

m

Yi =Wk X; =1) Z(ajijj) "Xp =1 Z%‘yj (%5 - %i)
j=1 j=1

where o, is the number of prediction mistakes that Perceptron has made so far on example
x;, I.e. the number of weight updates made in response to mistakes on x;. Now since no

weight vector is explicitly maintained, it is easy to see how one can add a mapping ¢:
Ji= >y (0(x)- 6 (x)) (4.9)
j=1

where ¢ (x;) - ¢ (x;) comes from evaluating the kernel.
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4.3 Kernel-Based Reformulation of GMIL-1

In seeking out an algorithm that scales polynomialy in both n and d, we define akernel that
can be used with a support vector machine [46, 12, 38] ( that simulates Perceptron above) to
efficiently learn geometric multiple-instance concepts. We will show that computing such
akernel on two bags P and () corresponds to counting the number of boxes that contain at
least one point from each of P and (). After we show that this problem is #P-complete, we
develop an FPRASfor it.

First, Werecall the mapping of GMIL-1. GMIL-1 enumeratesthe set B of al possible
boxes (including degenerate ones) in X' (so |Bxy| = (532)61) and creates an attribute a;, for
eachbox b € By. Givenabag P € X", the algorithm sets a;, = 1 if some point from P
liesin b and a;, = 0 otherwise. To capture the notion of repulsion points, they also defined
complementary attributes a, = 1 — a,. This was done because Winnow in its standard
form cannot represent negative weights. In our kernel formulation, we only use the N

attributes a;, since Perceptron can represent negative weights. Then we have the following

observation.

Observation 4.2 Consider two bags P, C X and a mapping ¢,(P) = (ai,...,an)
where a; = 1 if the corresponding box b; € B contains a point from P and 0 otherwise.
Then when using an SVM for learning, the remapping used by GMIL-1 corresponds to

using the kernel

kn(P, Q) = ¢a(P) - 9A(Q) = [B(P A Q)]

where B(P A Q) is the set of boxes that contain a point from P and contain a point from

0.

Proof: Since ¢, (P) and ¢,(Q) are binary vectors, their dot product is simply the number

of 1sin corresponding positions. Since abit from ¢, (P) is1if and only if the correspond-
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ing box contains a point from P, the value of k. (P, Q) isobviously |B(P A Q)|. Finaly,
kA(P, Q) isakernel by definition. O

4.4 The Box Counting Problem#BOXANd

From Observation 4.2, it follows that the kernel £, for GMIL-1 corresponds to the box
counting problem that we call #BOXAnd, which we now define. The input to the problem
isatriple (X, P,Q). The problem #BOXAnNd is to compute |B(P A Q)|: the number of
boxesin B that contain at least one point from each of P and (). In this section we prove

that #BOXAnNd is #P-complete, and then we present an FPRAS for it.

4.4.1 Hardness Result fo#BOXAnd

It is easy to see that #BOXANd is in #P: given a particular box b € By, it issimple to
verify that b contains a point from both P and Q. We now prove #P-completeness by
reducing from the monotone DNF counting problem (#MDNF), shown to be #P-complete
by Valiant [45]. An instance of #MDNF is a monotone boolean formula F' (i.e. with no
negated literals) in digunctive normal form, and an algorithm for this problem is to output
the number of satisfying assignments of F'.

Let /" beamonotone DNF formulainn variableswith m monotonetermst,, to, ..., t,,.
Let S(F') denote the set of al satisfying assignments of F. Then S(F) = |J, S(t).
Each monotone term ¢ can be identified with an n-bit binary vector v; as follows. vy =
vnvy...v, Wherev; = 1ifx; € tandv; = 0if z; ¢ t. Then, since ¢t is monotone,
the set of satisfying assignments for ¢, S(t) = {a | a > v¢}. (For two n-bit vectors

u = (up,us,...,u,) &dv = (vy,v9,...,0,),u>viffu; >v; fordl 1 <i <n.)

Theorem 4.3 #BOXANd is #P-compl ete.
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Proof: We have aready established that #BOXAnNd isin #P. We now show that #BOXAnd
is#P-hard by reducing #MDNF to a special case of #BOXAnd where X = H,, = {0, 1}".
The reduction f takes a formula F = \/,_,,, t; and maps it to an instance f(F) =
(H,, P,Q)where P = {0} and Q = {vy,, Vi, ..., V¢, }

We now argue that | S(F")| equals the number of solutionsto (H,,, P, Q) of #BOXAnNd.
Clearly, BOAv) = {(0O,u) | u > v}. Foranytermt¢;, a € S(t;) & a > vy, <
(0,a) € B(0 A vy,). Thusthe number of satisfying assignmentsof I = |J,,,, S(t:)| =

| Ulgigm B(O A vy,)

= |B({0} A Q)| = the number of solutionsto (H,,, P, Q). O

4.4.2 AnFPRAS for#BOXAnd

Our agorithm for estimating | B(P A Q)| is based on the general technique from Karp et
al. [22] on the union of sets problem. In this problem, the goal isto take a description of m
sets By, ..., B, and estimate the size of B = | J", B;. In order to apply their technique,
three criteria must be satisfied. First, for all i € {1,...,m}, | B;| must be easily computed.
Second, for dl i € {1,...,m}, we must be able to sample uniformly elements from B,.
Finally, givenany s € Bandany i € {1,...,m}, we must be able to easily determine if
s € B;.

If the above criteria are satisfied, Karp et al.'s agorithm proceeds as follows. First
defineU = {(s,i) | s € Biand1 < i < m} (so|U| = ", |Bi|). Define another set
G = {(s,1) | iisthesmallestindex suchthat s € B;}. ThenwehaveG C U and |G| = | B].
Karp et a.’sagorithm runsin trials. For each trial, first aset B; is chosen at random with
probability |B;|/|U|. Then an element s € B; is chosen uniformly at random. These two
steps together uniformly sample a pair (s,¢) from U. Finaly, if (s,i) € G we increment
a counter -, otherwise do nothing. Our final estimate of |B| is |U|y/S, where S is the

number of samples drawn. The following theorem bounds the error of this approximation.
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Theorem 4.4[22] If S > 4(|U|/|G]) In(2/6) /€2, then
Pri(l—e)|B| < |Un/S<(1+¢)Bl] =14

We now apply Karp et al.'s result to #BOXANd. Recall that for two points p,q € X,
B(p A q) denotes the set of boxes that contain both p and ¢. Let W = |B(P A Q)]. Then
W = [U,epqeq B(p A q)|. Itis straightforward to compute [B(p A g)|. Given points
p,q € X,let ¢ = ({q,...,¢;) bethe lower corner of the bounding box of p and ¢, i.e.
¢; = min{p;, ¢} for al i. Similarly define u = (u4,...,uy) asthe upper corner. Then
1Blp A @)l = (ITi<icq(li + 1)) (ITi<icq(s —ui +1)). Since we can exactly compute
|B(p A q)| for dl (p,q) € P x @ and there are only n? such sets, we can easily choose a
set B(p A q) with probability |B(p A q)|/ (Z%P’qu |B(p A q)|>. Further, since we can
uniformly sample from B(p A ¢) by uniformly selecting lower and upper corners, we can
uniformly samplefromtheset U = {(p,q,¢) | p € P,q € Q,c € B(p A\ q)}.

Note that [U| = > cp.colB® A ¢)|. Now consider al the pairs (p, q) such that
p € Pand g € Q. We define atotal order < on these pairs by sorting first by p’s index
in P, and then by ¢’sindex in Q). |.e. given points p;, py € P and g;, ¢ € Q, we define
(piyq;) < (pir,qy) iff i <i'ori=7¢andj < j.

Consider another set G = {(p,q,c) € U | thereare no pairs (p', ¢') < (p, q) such that
ce€ B ANg)} Then |G| = [U,ep,eq B(p A q)| = W. We check whether (p,q,¢) € G
in O(dn?) time by checking c against each set B(p A q) forall p € P and ¢ € Q. Finaly,

we note that
Ul= 3 B Ag)| <n*max|B(pAq)| < n?C] | (4.2)
pEP,qeqQ P

Thus by drawing a sufficient number of samples (p, ¢, ¢) uniformly from U and incre-

menting v when (p, ¢, ¢) € G, we know that W = |U|~/S is an e-good approximation of



64

W, as stated in the following theorem. Since S, the time to draw each sample, and the time
to check each sample for membership in G are al polynomial inn, d, log s, 1/¢, and 1/9,

our algorithm for #BOXANd isa FPRAS.

Theorem 4.5 1f S > 4n?1n(2/6)/€?, then
Pﬂu—@Wgﬁuqmw53@+Qsz1—d

Proof: Directly from application of Equation (4.2) to Theorem 4.4. O

Our agorithm as presented has running time O(n*d(log s) In(1/§)/€*) since it takes
O(dn?) steps to check each sample for membership in G. However, it is possible to check
for membership in G intime O(dn). Given atriple (p;, ¢;, ¢) sampled from U, first check
al points p; € P that are contained in c. If ' < i for some p; € ¢, then (pir, ¢;) < (pi, ;)
and (p;, ¢j, c) ¢ G. If there does not exist such a p;/, then check all points ¢;; € @ that are
containedinc. Again, if j' < j for someg;: € ¢, then (p;, ¢;) < (pi, q;) and (p;, g5, ¢) € G.
If no such ¢, exists, then (p;, ¢;, ¢) € G. Thischeck requirestime O(dn), reducing the total
running time to O(n3d(log s) In(1/4) /€%).

To further reduce time complexity, we can adapt Karp et al.’s “ self-adjusting coverage
algorithm” as shown in Table 4.1, which is a more efficient algorithm for the union of sets

problem. The following theorem bounds the error of this algorithm.
Theorem 4.6 [22] If T > 8(1 + ¢)mIn(2/§) /€%, then
Pﬂu—mmg?gu+@w|zp¢

After making changes on Step 5, 11 and 12 in Table 4.1, we can get a self-adjusting
coverage algorithm for #BOX Andas shown in Table 4.2. Since m, the number of all pos-

sible sets B(p A q), is less or equal to n?, we have the following theorem directly from
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Table 4.1: Self-adjusting coverage algorithm [22]

1: GivenT.

2. gtime «— 0

3 Np«— 0

4. loop

5. randomly choose (s, i) € U with probability 1/|U| as before
6: repeat

7. gtime «— gtime + 1

8 if gtime > T then

9 go to FINISH
10: end if
11: randomly choose j € {1, --- ,m} with probability 1/m

12:  until s € B,

133 Np«— Np+1

14: end loop

15 FINISH: Y — T-|U|/(m - Ny)

Theorem 4.6.

Theorem 4.7 If T > 8(1 + €)n?In(2/4) /€%, then
Pr [(1 —Bl <Y <(1+eBl|>1-4

Our self-adjusting coverage algorithm only needsto check abox for membershipin B(pAq)
instead of GG like in the previous algorithm (see Step 13 in Table 4.2), which can be donein
timeO(d). Thenweget aFPRASfor #BOXAnd with runningtime O(n?d(log s) In(1/§)/€%).

4.4.3 Discussion

According to Observation 1, k4 (P, ) isakernel sinceit isthe dot product of two remapped
vectors. But there is no guarantee that the Gram matrix computed by our approximation

algorithm is positive semidefinite. However, it is reasonable to believe that if ¢ is small
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Table 4.2: Self-adjusting coverage algorithm for #BOXAnd

1: GivenT"and bag P and ()

2. gtime «— 0

3 Np«— 0

4. loop

5. randomly choose (p, ¢, ¢) € U with probability 1/|U|
6: repeat

7. gtime «— gtime + 1

8 if gtime > T then

9 go to FINISH
10: end if
11: randomly choose p’ € P with probability 1/|P|
12: randomly choose ¢’ € () with probability 1/|Q)|

13:  until c€ B(p) A¢)

14: Np«— Np+1

15. end loop

16: FINISH: Y — T -|U|/(m - Ny)

and the origina Gram matrix has no zero eigenvalues, the approximated matrix would not
adversely affect the SVM optimization engine. In fact, as shown in our experiments, our
approximate kernel works very well whenwe set e = 0.1.

Another observation about our kernel isthat its Gram matrix potentially can have large
diagonal elements relative to the off-diagona elements. k. (P, @) is the number of boxes
that contain a point from P and a point from . If few points from P and () are close
to each other, kA (P, Q) will be much smaller than k. (P, P) and kA(Q, Q). This wors-
ens when d is large. For example, in our Musk experiments, the ratio of diagonal en-
tries in the kernel matrix to the off-diagonal entries was often around 10°°. In practice,
SVMs do not work well with diagonally dominated Gram matrices. To solve this prob-
lem, Scholkopf et al. [39] propose first using a nonlinear function to reduce the value

of each matrix element, such as a sub-polynomial function ¢(z) = sign(z) - |z|* with
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0 < p < 1. To then get a positive definite Gram matrix, they then use the empirical
kernel map ¢, (z) = (K (z,x1), kK (x,22), - , k' (z,x,)), where k' (x, ;) = @(k(z,z;)).
Finally they apply the kernel k..., (x,y) = ¢,(z) - ¢,,(y). Inthe empirical kernel, the set
{z1,--+ ,x,} can consist of al training and testing bags (referred to as transduction) or of
only the training bags. We applied this method with £, to address our diagonal dominance
problem (see Section 4.5.4). Also, since k.., is always a kernel no matter what & is, with
this method we do not need to worry about whether our e-approximation of &, isredly a
kernel.

4.5 Experimental Results

To compare our kernel to the algorithm GMIL-1 [40] and GMIL-2 [43], we tested our ker-
nel with SV M9t [21] on the data sets we used in Chapter 3: content-based image retrieval
(real data) and predicting when drugs would bind at multiple sites of amolecule (simulated
data), and the protein data that are also used by Wang et a. [47]. All these data sets have
dimension at most 8, since GMIL-1 and GMIL-2 cannot scale well to higher dimensions.
To evaluate our algorithm on high-dimensional data, we aso tested on simulated multi-site
binding data with higher dimension and the Musk data sets from the UCI repository [4]
that have 168 dimensions. In all our tests, we computed our kernel using our self-adjusting

approximation algorithm with e = 0.1 and § = 0.01.

45.1 Content-Based Image Retrieval

In content-based image retrieval (CBIR), the user presents examples of desired images, and
the task is to determine commonalities among the query images and retrieve similar ones
from the database. Maron and Ratan [32] explored the use of conventional MIL for CBIR.

They filtered and subsampled the images and then extracted “blobs” (groups of m adjacent
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pixels), which were mapped to one point in a bag. Then they used the algorithm diverse
density (DD) [31] to learn a hypothesis and find candidate images in the database. This
work was later extended by Zhang et al. [53].

We experimented with the two CBIR tasks used in Chapter 3. Oneisthe “sunset” task:
to distinguish images containing sunsets from those not containing sunsets. We built 30
random testing sets of 720 examples (120 positives and 600 negatives): 150 negatives each
from the waterfall, mountain, field, and flower sets. Each of 30 training sets consisted of
50 positives and 50 negatives.

Another CBIR task isto test a conjunctive CBIR concept, where the goal was to dis-
tinguish images containing a field with no sky from those containing a field and sky or
containing no field. Each training set had 6 bags of each of flower, mountain, sunset, and
waterfall for negatives, and had around 30 fields, 6 of them negative and the rest positive.
Each negative test set had 150 bags of each of flower, mountain, sunset, and waterfall. Also,
each test set had 120 fields, around 50 serving as positives and the remainder as negatives.

The top two rows of Table 4.3 summarize the prediction error of our algorithm (“%k,"),
GMIL-1, and GMIL-2. For comparison purposes, we also give results for the algorithms
Diverse Density [31] and EMDD [52] that operate in the conventional MIL model. The
sunset task fits well into the conventional MIL model; hence there is little difference in
performance between any of the algorithms on this data set. But since the conjunctive task
requires identifying images that have a field and have no sky, we see that the generalized
model is required’. We also note that the use of an SVM improved prediction accuracy
when compared to all algorithms, including GMIL-1 and GMIL-2, which use the same

hypothesis space as our algorithm.

1[40] showed that repulsion points are required for this learning task.
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Table 4.3: Generalization error for CBIR (top), protein (middle), and drug affinity (bottom)
learning tasks.

Task k,n ~ GMIL-1 GMIL-2 EMDD DD

sunset  0.088  0.095 0.098 0.096 0.099
conj. 0.108 0.134 0.147 0215 0.181
protein  0.213 N/A 0.251 0.338 0.608
5-dm 0205 0.212 0.218 0.191 0.196
10-dim 0.175 N/A N/A 0223 0.216
20-dim 0.207 N/A N/A 0.268 0.255

4.5.2 ldentifying Trx-fold Proteins

The low conservation of primary sequence in protein superfamilies such as Thioredoxin-
fold (Trx-fold) makes conventional methods difficult to use. We have proposed using
multiple-instance learning as a tool for identification of new Trx-fold proteins as well as
other proteins belonging to superfamilies with low primary sequence conservation [47].
Here, we applied our kernel and performed cross-validation tests. 20-fold CV on the 20
positives and 8-fold CV on the 160 negatives. As shown in Table 4.3, our kernel has the
lowest prediction error compared to all algorithms including GMIL-2, DD and EMDD.

4.5.3 Multi-Site Drug Binding Affinity

Dietterich et al. [14] introduced the conventional MIL model motivated by predicting
whether a conformation of a particular molecule would bind to a single site in another
molecule. They also described an open problem of how to predict drugs that bind at multi-
ple sitesin asingle molecule by fitting in several of them simultaneously.

We used Dooly et a.'s modified data generator to build ten 5-dimensional data sets (200
training bags and 200 testing bags), each with 4 subtargets. To test how well our kernel
handles higher-dimensional data, we also generated data with dimension 10 and 20, each

with 5 subtargets. Aswith the 5-dimensional data, ten sets were generated, each with 200
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training bags and 200 testing bags. Results are at the bottom of Table 4.3.

45.4 Musk Data Sets

To evaluate our algorithm on even higher-dimensional data, we tested on the Musk data
sets from the UCI repository [4], which represent different conformations of various mole-
cules, labeled according to whether they exhibit a “musk-like” odor when smelled by a
human expert. Most results reported by others on this data set are based on 10-fold cross-
validation on the 92 bags. We performed 10-fold cross-validation experiments on the same
10 partitions used by Dietterich [14].

For the Musk experiments, the ratio of diagonal entries in the kernel matrix to the off-
diagona entries was often around 10°°. So we applied the method of Sholkopf et al. [39] to
solve this problem. We used the sub-polynomial function z'/%° to reduce the range of each
entry in the Gram matrices and then let SVM'9"* work with the empirical kernels described
in Section 4.4.3.

For comparison purposes, Table 4.4 summarizes results from Andrews et al. [1] on
their multiple-instance (from the conventional MIL model) SVMs, mi-SVM and MI-SVM
as well as their results with EMDD 2. Results for DD come from Maron and Lozano-
Pérez [31], and “1APR” istheiterative axis-parallel rectangle agorithm from Dietterich et
a. [14].

There are significant improvements after our empirical kernels are used. The empirical
kernel with transduction has the second lowest error rate on Muskl and the lowest error
rate on Musk2. Its performanceis close or even better than IAPR, which is specially tuned

for the Musk data sets. Although without transduction, our kernel has slightly higher error

2Andrews et al. [1] point out that the EMDD experiments of Zhang and Goldman [52] were optimistically
biased since they used the test set to choose thefinal hypotheses. Thus Andrews et al. reran those experiments.
We a'so reran EMDD on the same 10-fold partitioning used by us and Dietterich et al. [14]. Without tuning,
we got even worse error rates, 0.152/Muskl and 0.206/Musk?2 for EMDD.
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rates since no testing examples are used to build the empirical kernels. But it has the best
performance compared to those algorithms from the conventional MIL model (except for
IAPR).

Another interesting point to make is that EMDD and DD were about 60% faster than
our algorithm? for the 10-dimensional binding affinity data, but only 44% faster for the 20-
dimensional data. For Musk 2, EMDD and DD were approximately 24.4% slower than our
algorithm per experiment, and for Musk 1 they were 675% slower. This occurred despite
the fact that we computed the entire Gram matrix apriori rather than simply computing the
entries as needed during SVM optimization, i.e. we had significant wasted computation.
Further, since each learning task in applications such as CBIR and drug binding affinity can
be treated as a database query (i.e. the data set stays fixed but each learning task involves
a user specifying adifferent labeling of the training set), one could build the kernel matrix
once for the entire database and reuse it for each query. This would amortize the cost of
building the matrix over many queries. Thisisin fact what wedid in our Musk experiments,
so the total time spent by our algorithm for all 10 folds was 2 hours for Musk 1 on a 750
MHz Sun Blade (compared to 135 hours for EMDD and DD) and 40 hours for Musk 2
(compared to 485 hours for EMDD and DD).

4.6 Conclusions

The conventional MIL model has proven to be avery powerful one with many applications
and efficient algorithms. Algorithms GMIL-1 [40] and our faster variant GMIL-2 [43]
in Scott et al.’s generalization of the conventional MIL model have enjoyed success in
applications that cannot be represented in the conventional MIL model. However, both

algorithms are inherently inefficient, preventing scaling to higher-dimensional data. We

3Training with SVM!9"* took |ess than ten seconds once the kernel matrix was computed, while kernel
computation took on the order of minutes.
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Table 4.4: Classification error on the Musk data sets. EMDD, mi-SVM, and MI-SVM are
from [1], DD isfrom[31], and IAPR isfrom [14].

Algorithms Musk 1 | Musk 2
ka 0.176 | 0.227
kn emp NON-transduction |  0.120 | 0.118
kn emp transduction 0.088| 0.097
EMDD 0.152 | 0.151
DD 0.120 | 0.160
mi-SVM 0.126 | 0.164
MI-SVM 0.221 0.157
IAPR 0.076| 0.108

formulated their algorithms as a kernel that can be used with a support vector machine to
learn concepts in their model. We showed that such akernel is hard to compute in general,
and then we presented an FPRAS for it. Finally, we evaluated our kernel empiricaly.

Our results not only showed competitiveness with other algorithms in terms of gener-
alization error, but also in speed (e.g. versus DD and EMDD), especially for data of more
than 20 dimensions. We aso note that it istrivial to parallelize the computation of our ker-
nel to get an almost linear speedup. Further, since each learning task in applications such
as CBIR and drug binding affinity can be treated as a database query, one could build the
kernel matrix once for the entire database and reuse it for each query. Thiswould amortize

the cost of building the matrix over many queries.
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Chapter 5

Extended Kernels for Generalized

Multiple-Instance Learning

While the kernel k&, enjoyed empirical success, it has some limitations. In this chapter, we
propose two extensions to £, , a count-based kernel and a normalized kernel. Our experi-

ments showed that both of them improve the performance of .

5.1 A Count-based Kernel for GMIL

5.1.1 Introduction

The GMIL model we used in the previous chapters could be further generalized along the
lines of Weidmann et al. [50]. In this section, one of our contributions is a new remapping
that generalizes Weidmann et al.'s “ count-based” MIL model and akernd k,,;, that corre-
spondsto that mapping. We then show that, aswith k., k.., 1S#P-complete to compute, so
wegivean FPRASfor it. Our final contribution isan empirical evaluation of our new kernel
on several MIL data sets. We found that £,,;, can generalize better than &, for alearning

task in content-based image retrieval and in biological sequence analysis, but thereislittle
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room for improvement in the other learning tasks. However, we note that despite k,,;,,’S
richer representation over k,, it does not overfit.

The rest of this section is as follows. Section 5.1.2 describes the difference between
Scott et al.’sGMIL model and Weidmann et al.’s. In Section 5.1.3 we present our extension
to kx, which we call k,,;,. Section 5.1.4 shows that computing k., is#P-complete. Then
wegivean FPRASfor it in Section 5.1.5. In Section 5.1.6 we describe experimental results
of our new kernel on the applications content-based image retrieval, biological sequence

analysis, and the Musk data sets.

5.1.2 More on Generalized Multiple-Instance Learning

Scott et a. [40] generalized the MIL model such that rather than P’s label being a dis-
junction of the labels of P’s instances, it is a threshold function. Each target concept is
defined by a set of £ “attraction” pointsC' = {cy, ..., ¢} and aset of &’ “repulsion” points
C =1{é,...,cu}. Thelabel forabag P = {p1,...,p,} ispositiveif and only if there is
asubset of r points ¢’ C C' U C such that each attraction point ¢; € C’ is near some point
in P (where“near” is defined as within a certain distance under some weighted norm) and
each repulsion point ¢; € C’ isnot near any point in P. In other words, if one defines a
boolean attribute a; for each attraction point ¢; € C that is 1 if there existsapoint p € P
near it and O otherwise and another boolean attribute a; for each repulsion point ¢; € C that
is1if thereisno point from P near it, then P’slabel isan r-of-(k + k') threshold function
over the attributes (so there are k& + £’ relevant attributes and P’s label is 1 iff at least r
of these attributes are 1). Note that if » = 1 and if there are no repulsion points, then this
model is the conventional multi-instance model, except that there are multiple target points
and the final concept isaunion of these points.

Independently of Scott et al., Weidmann et al. [50] defined their own generalizations of
the MIL model. Their first (referred to as presence-based MIL in [50]) is the same as Scott
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etal.swithr = k and no repulsion points. Their second (threshold-based MIL) generalizes
presence-based MIL by requiring each ¢; € C to be near at least t; > 0 distinct pointsfrom
P for P to be labeled positive. Their third (count-based MIL) generalizes threshol d-based
by requiring the number of distinct points from P that are near ¢; to be at least ¢; and at
most z;, which cannot be represented by Scott et al.’s model.

Count-based MIL can represent the idea of repulsion points by setting z; = 0 for each
repulsion point. Thus this model generalizes the one of Scott et a. when r = k + £'.
However, the ability of Scott et a.'s model to represent r-of-(k + k') threshold concepts
for r < k 4 k' expands its representational ability beyond that of Weidmann et al.’s. As
an example of why thisis useful, consider the representation of a human face with shape-
based features. For the eyes, the target concept might require two regions with elongation
near 3/2 and an Euler number (number of connected regions minus number of holes) of 0.
In addition, one wants (for the mouth) one region with elongation near 8 and 0 or 1 holes
in the region. Then there are other constraints (in terms of the above features or based on
other shape descriptors) for the shape of the face. There exists atarget concept for this case
in presence-based MIL so long as all features are visible. But if some parts of the face are
occluded (e.g. due to the subject wearing sunglasses) and the set of parts that are occluded
can vary, then it is difficult to represent the target concept with even count-based MIL. In
contrast, an r-of -k threshold function like that from Scott et al. isanatural way to represent
the target concept. Thuswe give anew kernel that generalizes both modelsin the following

section.

5.1.3 Extending Kernelk,

We now extend &, to work in a GMIL model that generalizes count-based MIL model of
Weidmann et al. [50]. Recall that their count-based MIL model stipulates that abag P is

positive if and only if each concept point ¢; € C'isnear at least ¢;, and at most z;, distinct
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points from P. Note that count-based MIL can represent the idea of repulsion points by
setting z; = 0 for each repulsion point. Thus this model generalizes the one of Scott et al.
(used by usin Chapters 3 and 4) whenr = k+k’. However, the ability of Scott et al.’smodel
to represent r-of-(k + £’) threshold concepts for » < k + k' expands its representational
ability beyond the scope of the generalizations of Weidmann et al.

We define a remapping and a kernel to capture the notion of count-based MIL, but
using r-of-(k + k') threshold concepts (expanding its representational ability beyond that
of Weidmann et al.). Recall the old mapping of %, (see Section 4.3), where ¢,(P) isa
vector of | By| bits, and for each box b € By, atribute a, = 1 if box b contains a point
from bag P and O otherwise. In our new mapping ¢, (P), €each box b € By has n bits
associated with it, and a,; = 1 if box b contains at least i points from P and O otherwise.
(Thusif b contains exactly j points from P, we have a;; = 1 for ¢ < j and ay; = 0 for
1 > 7.) To see how this captures count-based MIL, imagine that there is exactly one target
box b, and all positive bags have at least + and at most y — 1 pointsin b. A weight vector
capturing this target concept has wy,, = +1, w,, = —1, al other weights 0, and a bias
term of —1/2. Adjusting the bias term and adding other nonzero components to the weight
vector allows us to represent multiple target boxes in an r-of-£ threshold function.

Let P, C P betheset of pointsfrom P that are contained in b. Thenitisstraightforward
to see that the dot product ¢, (P) - ¢min(Q) is equivaent to the kernel k., (P, @), which

can be reformulated as follows.
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Fain(P,Q) = Y min(|P,], Q)

beBy

= Y min(|B Q) (5.1)

bEB(PAQ)

_ | ]| Qs
a Z max (| Fy|, Q)

be B(PAQ)

= > > ax|Pb| Qs])

be B(PAQ) pEPy,qeQy

B I(pe P)I(q€Qy)
= 22 max IPbl |Qsl)

beB(PAQ) pEP,qeQ

= 3 X e 9

PEP,GEQ be B(pAq )

where I(-) = 1 if itsargument is true and O otherwise.

5.1.4 A Hardness Result fork,,;,

Consider the corresponding counting problem #BOXMin which is defined as follows:
Given atriple (X, P, ), compute k.,;, (P, Q). We need another related problem for show-
ing the hardness of #BOXMin, which we now define. The problem #BOXAnNd defined in
Chapter 4 is, given input the triple (X, P, @), compute k. (P, Q) = |B(P A Q). Inour
proof showing that #BOXANd is #P-complete, we also showed that a restricted version
where | P| = 1 is#P-complete. We call this problem #RestrictedBOXAnd.

Theorem 5.1 #RestrictedBOXANd is #P-compl ete.
Theorem 5.2 #BOXMin is #P-compl ete.

Proof: #BOXMin is in #P: Given a triple (X, P, @), a nondeterministic machine first

guesses ab € X and then computes min(|Fyl, |Qp|). If the minimum is O, it rejects. Oth-
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erwise it branches into min(| 5|, |Q,|) paths and accepts. It is clear that the number of
accepting paths = ki (P, Q).

We now show that in fact computing £...;, (P, Q) where P contains only one point is
#P-complete by reducing #RestrictedBOXAnd to the restricted version of #BOXMin. The
reduction is the identity map: an instance (X, {p}, Q) of #RestrictedBOXAnd is mapped
to theinstance (X, {p}, Q) of knin(P, Q). Then we get

bun({p}.Q) = 3 min(|B, Q)

beBx

= Y min(|BLIQ)+ DY min(|B] Q)
be B(pAQ) bZB(pAQ)

= Z 1=[B(pAQ)|=k.({p},Q) -
bEB(PAQ)

Thethird equality is because of thefollowing. Forall b € B(pAQ),p € band |[QNb| > 1.
Hence the minimum isexactly 1. Foral b ¢ B(p A Q),p &€ bor @ Nb = ¢. Hence the
minimum is 0. Therefore computing kumin ({}, @) iSthe same as computing | B({p} A @)],

which is#P-complete. O

5.1.5 Approximating k.,

One way to approximate k.;, IS to approximate (5.1) via a ssmple change to our algo-
rithm for k.. When a sampled triple (p,¢,b) € G, we increment v by min(| P/, [Qs])
instead of by 1. Unfortunately, the best sample size bound we can get for this tech-
nique (via Lemma 5.3 below) is S = n°In(2/6)/(2¢%), yielding a time complexity of
O(n"d(log s)log(1/8)/€?). Thus we instead approximate (5.2). We fix each (p, ¢) pair
and approximate that term of the summation by uniformly sampling boxes from B(p A q)
and taking the average of 1/ max(|P,|, |@Qs|) for each box b in the sample. Multiplying this

average by | B(p A q)| gives us an approximation of that term of the sum.
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To bound the sample sizes required to estimate the required quantities, we employ the

Hoeffding bound.

Lemma 5.3 (Hoeffding) Let X; be independent random variables all with mean . such

that for all 7, a < X; < b. Thenfor any A > 0,

|

Since we're interested in e-good approximations, we'll use A\ = eu. Then we have the

1 S
=X, —
S; a

> )\] < e~ 2N8/(b-a)?

following theorem.

Theorem 5.4 Let l%min(P, () be our approximation of k.,;, (P, Q) via approximating each
term of (5.2) individually as described above. Then after using n?(n — 1)21n(2n%/§)/(2¢2)

total samplesand O(n°d1n(n/d) log s/€?) total time,
Pr (1 - E>kmin<P7 Q) S ]%min(P7 Q) S (1 + €)kmin<P7 Q)] 2 1—0o.

Proof: First note that an e-good approximation of each (p, ¢) term of the summation yields
an e-good approximation of k., (P, @). Thus we focus on a single (p, ¢) pair. Given

be B(pAq),let X(b) =1/max(|P],|Qs|). Then

1
n=E[X]= m%%@ 1/ max(|By|, |Qu]) -

Thus X, € [1/n,1]. Lemma 5.3 says that our approximation (using a sample of size S)

is not e-good with probability at most

26—252u25n2/(n—1)2 < 26—2625/(77,—1)2

— Y

since ;1 > 1/n. Setting this to be at most §/n* (so we can apply the union bound over
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all n? failure probabilities) and solving for S, we get S > (n — 1)?In(2n?/5)/(2¢%) as
sufficient for an e-good approximation of each term. Repeat this n? times (once per (p, q)
pair) to approximate (5.2). The time complexity is O(n°dIn(n/d)log s/e?) since it takes
timelinear in n, d, and log s to compute each max. O

Thereisno guarantee that the Gram matrix computed by our approximation algorithmis
positive semidefinite. However, it isreasonable to believethat if e issmall and £,,;,'s Gram
matrix (which is positive semidefinite) has no zero eigenvalues, the approximated matrix
would not adversely affect SVM optimization. In our experiments, our approximate kernel
works well with e = 0.1. Another issue that our kernel shares with k, isthat k,,;,’S Gram
matrix potentially can have large diagonal elements relative to the off-diagonal elements.
We also applied Scholkopf et a.’s method [39] asin Section 4.4.3 to address our diagonal

dominance problem.

5.1.6 Experimental Results

To evaluate our new kernel, we tested it with SV M9t [21] on the following learning tasks:

content-based image retrieval, biological sequence analysis, and the Musk data.

Content-Based Image Retrieval

We experimented with the two CBIR tasks used in Chapter 3 and 4. One is the “ sunset”
task: to distinguish images containing sunsets from those not containing sunsets. Another
CBIR task isto test a conjunctive CBIR concept, where the goal was to distinguish images
containing afield with no sky from those containing afield and sky or containing no field.

The top two rows of each table in Table 5.1 summarize the prediction error of k,,;,, Tao
et a.skerne k,, and GMIL-2 [43], afaster version of GMIL-1 with comparable accuracy
(Sincethe CBIR datahad d = 5 and n € [2,15] and typicaly n < 10, we were able to

also exactly compute the kernel values.). For comparison purposes, we also give results for
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Table 5.1: Generdization errorsfo[ CBIR gnd protein learning tasks. k&, and k,,;, are from
exact computation of the kernel, k. and k,,;, are based on approximations of the kernel
withe = 0.1 and § = 0.01.

. Total Error
TASK  Enin Kmin kn krn  GMIL-1 GMIL-2 EMDD DD

sunset 0.084 0.084 0.086 0.088  0.095 0.098 0.096 0.099
conj. 0.084 0.084 0.106 0.108 0.134 0.147 0215 0.181
protein  N/A 0215 N/A 0.218 N/A 0.250 0.365 0.664

. False Positive Error
TASK  Ekunin Fuin kn k,n  GMIL-1 GMIL-2 EMDD DD

sunset 0.112 0.112 0.121 0.120 0.080 0.082 0.082 0.078
conj. 0.198 0.198 0.184 0.192 0.128 0.140 0213 0.173
protein  N/A 0215 N/A 0.218 N/A 0.250 0.365 0.668

False Negative Error
TASK  kuin  kwin Kn k., GMIL-1 GMIL-2 EMDD DD
sunset  0.078 0.078 0.078 0.080 0.160 0.157 0.166 0.168
conj. 0076 0.075 0100 0.102 0.219 0244 0244 0.282
protein N/A 0144 N/A 0169 N/A 0250 0360 0.125

the algorithms Diverse Density [31] and EMDD [52] that operate in the conventional MIL
model. The sunset task fits well into the conventional MIL model; hence error rates for
EMDD and DD are only about 1% higher than ours, and thereislittle improvement of l%min
over k,. But since the conjunctive task is more complex, we see that the generalized model
helps significantly over the conventional model. Further, there is much improvement of
kwin OVEr k, on the positives and a dlight degradation on the negatives, yielding an overall

improvement in generalization error.

Identifying Trx-fold Proteins

We have used GMIL-2 and k, to perform cross-validation tests on a Trx-fold Protein data
set (see Chapter 3 and 4) To compare with these results, we performed the same tests with

Kwin, COMparing to k., EMDD and DD (bottom row of each table in Table 5.1). Here we
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see that applying k..;, instead of &k, yields little improvement in false positive error, but

there is a noticeable improvement in fal se negative error.

Musk Data Sets

Finally, we tested on the Musk data sets from the UCI repository®.  For the Musk ex-
periments, the ratio of diagonal entries in the kernel matrix to the off-diagonal entries was
often around 10°°. So we applied the method of Scholkopf et al. [39] to solve this problem
(see Section 5.1.5). We used the sub-polynomial function z'/%° to reduce the range of each
entry in the Gram matrices. We then let SVM9" work with the original Gram matrices as
well as transduction empirical kernels and non-transduction empirical kernels.

Table 5.2 summarizes our results and those from Andrews et al. [1] with mi-SVM and
MI-SVM and their resultswith EMDD. Resultsfor DD comefrom [31], TLC results come
from the generalized MIL agorithm of Weidmann et a. [50], DD-SVM isfrom [11], and
“1APR” istheiterative axis-parallel rectangle algorithm from Dietterich et al.

While we see that the empirical kernels based on £, and k,,;, provide some of the
best results on both Musk sets, there is no improvement in k,,;, over k,. In fact, the
results exactly match except for false positive error on Musk 1 for the transduction case
(not shown), inwhich &, isbetter. One possible explanation for thisisthat thereisno room
for improvement via a richer hypothesis class for these data sets. Another explanation for
this phenomenon is that SiNc€? ki (P, Q)/kA(P,Q) € [1,n] for dl P,Q and the kernel
is so diagonally dominant for such high-dimensional input data, the kernel values are too
similar to each other to make a difference in training and testing. Specifically, when using
the original (non-empirical) kernels, diagonal dominance is so severe that an extra factor
of n (which is at most 1000 for either Musk set) makes no difference to the optimizer; it

will perform relatively poorly anyway. Further, when we apply the empirical kernel, we

Inttp://www.ics.uci.edu/ mlearn/MLRepository.html
2Thisfollows immediately from Eqn 5.1. Recall that n is the size of each bag.



83

0t kmin emp(P, Q)/kn emp(P, Q) < n'/?0 < 1.15. Thus there is little difference in the
empirical versions of these kernels, especially considering that ki, (P, Q) /ka (P, Q) rarely
equals n. Thus in cases like Musk when there is diagonal dominance, there is probably

little reason to choose ki, OVEr k.

5.2 A Normalized “Kernel” for GMIL

The Gram matrices of k£, and k,,;, usually have entries with huge values. For example, for
musk data sets, each entry is larger than 10%°°. These big entries can easily cause overflow
and other numerical problems. So we have to reduce the magnitude of our kernels. One
way to do thisisto divide each entry by some large constant, which iswe did in Chapter 4
and Section 5.1. In this section, weintroduce another method, that is, normalizing &k, (P, Q)
with k (P, Q) instead of a constant, where k., (P, ()) is the number of boxes that contain a
point from P or apoint from Q. Intuition behind thisisthat for abig value of &, dividing
by £, can reduce the impact of an accidental match due to lots of 1sin two re-mapped
feature vectors, which can be caused by bags with alarge number of points.

To compute k (P, @), we first consider the more basic problem #BOX defined as fol-
lows. An instance of the problem isatuple (X, P), where P isa set of n points from X.
An agorithm should output the number of boxesin By that contain a point from P. That
is, an algorithm for #BOX on input (X', P) should output | B(P)].

Theorem 5.5 #BOX is #P-compl ete.

Proof: First, itisclear that #BOX isin #P. Recall that for sets P and @), B(P A Q) denotes
the set of boxes that contains a point from P and a point from @, and B(P) denotes the

set of boxes that contain a point from P. From Theorem 4.3 we have that computing



Table 5.2: Classification error on the Musk data sets. EMDD, mi-SVM, and MI-SVM are
from [1], DD is from [31], TLC is from [50], DD-SVM is from [11], and IAPR is from
[14].

Total Error
ALGORITHM MUSK1 MUSK2
Komin 0176  0.227
Fmin emp NON-transduction  0.120 0.118
Kmin emp transduction 0098  0.097
kn 0.176 0.227
kn emp NON-transduction 0120 0.118
kin emp transduction 0.088  0.097
TLC 0113  0.169
EMDD 0152  0.151
DD 0120  0.160
mi-SVM 0126  0.164
MI-SVM 0221 0157
DD-SVM 0142  0.087
IAPR 0076  0.108
False Positive Error
ALGORITHM MUSK1 MUSK2
Kmin 0205  0.310
Fmin emp NON-transduction  0.115 0.079
Kemin emp transduction 0140  0.062
kn 0205  0.310
kA emp NON-transduction 0.115 0.079
ki emyp transduction 0115  0.062
False Negative Error
ALGORITHM MUSK1 MUSK2
Kmin 0145  0.100
Fmin emp NON-transduction  0.125 0.183
Femin emy transduction 0065  0.158
kn 0145  0.100

kA emp NON-transduction 0.125 0.183
kA emp transduction 0.065 0.158
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|B(P A Q)| is#P-complete. Since B(P A Q) = B(P) N B(Q), we have:

[B(PAQ)| = [B(P)NB(Q)
= [B(P)[+[B(@Q)| - [B(P)UB(Q)|

= [B(P)|+[B(@)| - [B(PUQ)| .

That is, #BOXAnd can be computed using three queriesto #BOX. Since computing #BOXANd
is #P-complete, #BOX is #P-hard. O

Since ky (P, Q) = |B(P U Q)|, computing ky (P, Q) is #P-hard. We also notice that
computing k. (P, Q) isaspecia case of #BOXANd because |B(P U Q)| = |[B((PUQ) N
(PUQ))|. A direct, but less efficient method for approximating k. (P, ) is to run our
algorithm from Section 4.4.2 to compute k(P U Q, P U Q) by drawing 4n?1In(2/6) /¢
samples.

We now describe a more efficient way to approximate Y = |B(P U Q)|. Note that
|B(P U Q)| = [U,epug B(p)| and the number of all possible sets B(p) is at most 2n,
where B(p) denotes the set of boxes that contain the point p. It is easy to verify that the
three criteria for Karp et al.’s algorithm (see Section 4.4.2) are satisfied in this case: (1)
for any p, | B(p)| can be computed easily; (2) we can efficiently sample from B(p); and
(3) givenc € By and p € P, we can efficiently check whether ¢ € B(p). Therefore by
drawing 8n 1n(2/4§) /e* samples, we will get an e-good approximation Y ofY.

There is no guarantee that &, /k, is a kernel. However our experimental results show
that k, /k, has better performance compared to k,. We tested &, /k, with SVM'9"¢ on the
following learning tasks: content-based image retrieval, biological sequence analysis and
the Musk data sets. As shown in Table 5.3, the prediction errors of k, /k, are lower than

those of &, for all data sets except for Musk 2.
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Table 5.3: Generalization errors of k, and k,/k, for CBIR, protein and Musk learning
tasks. A

TASK kn | kn/ky

CBIR sunset | 0.088 | 0.086

CBIR conj. | 0.108 | 0.098

Protein 0.218 | 0.183
Musk1 0.176 | 0.153
Musk?2 0.227 | 0.275

5.3 Conclusions

We have shown that the kernel %, isvery powerful and well-suited for MIL learning tasks.
We extended this kernel by increasing its representational power to generalize “count-
based” MIL of Weidmann et al. Empirical results show noticeable improvements in gen-
eralization error for k,,;, over k, for the conjunctive CBIR task and protein classification.
In particular, our new kernel reduced fal se negative error over k, while not increasing false
positive error. For the sunset and Musk |earning tasks, there was little improvement in any
error rate, but there was little degradation either. Thisimplies that our new kernel does not
overfit despiteits richer representation. We also presented a normalized version of k,. Our

experimental results showed that it improves the performance of &, on most tasks.
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Chapter 6

Conclusions and Future Work

In this dissertation, we addressed the computation problems of linear threshold-based learn-
ing agorithms with exponentially many features and different methods for making these
algorithms efficient. We presented our related research work and results on two applica-
tions: DNF learning and generalized multiple-instance learning.

First we applied Winnow to DNF learning and proposed an optimized MCMC solution
for estimating weighted sums in Winnow. We showed that it often uses less computation
time than Chawla et al.'s original solution without any loss of classification accuracy. We
also empirically compared three new MCMC sampling techniques: Gibbs, Metropolized
Gibbs and parallel tempering. They al showed better performance than Chawla et a.'s
Metropolis sampler in terms of accuracy of weighted sum estimates. We also found that
all approximation algorithms had prediction error that was no worse (and often better than)
a brute force version that exactly computed the weighted sums. A possible future work is
applying our algorithm to other algorithms and exploring other MCMC techniques such
as blocking and over-relaxation [34]. Also, Khardon et al. [23] give a negative result for
exactly ssmulating Winnow for learning DNF. Does a similar result exist for randomized

algorithms simulating Winnow with high probability?
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Second, we introduced a generalization of the multiple-instance learning (MIL) model
that is much more expressive than the conventional multiple instance model. However, the
learning algorithm GMIL-1 for this model required significant time and memory to run.
We presented and empirically evaluated a new algorithm GMIL-2 that uses a new strategy
to group features together by exploiting their geometry property. Our experimental results
showed that it has the same generalization ability as our previous algorithm, but requires
much |ess computation time and memory.

Furthermore, to yield a more scalable algorithm, We reformulate GMIL-1 using a ker-
nel k, for a support vector machine, reducing its time complexity from exponential to
polynomial. Computing &, is equivalent to counting the number of axis-parallel boxesin a
discrete, bounded space that contain at least one point from each of two multisets P and Q.
We showed that this problem is #P-complete, but then gave afully polynomial randomized
approximation scheme (FPRAS) for it. Our results showed competitiveness with other al-
gorithms in terms of generalization error. And most significantly &, achieved some of the
best results on the benchmark data sets.

While k, enjoyed empirical success, it has other limitations such as its representation.
We first extended £, by enriching its representation and empirically evaluate our new ker-
nel k.,;, on datafrom content-based image retrieval, biological sequence anaysis, and drug
discovery. We found that £,,;, generalized noticeably better than £, in content-based im-
age retrieval and biological sequence analysis and was slightly better or even with £, in
the other applications, showing that an SVM using k.,,;, does not overfit despite its richer
representation. Then we proposed a normalized version of k, (which divides by k) and
empirically compared it with k.. The experimental results showed the improvement on
generaization errors in most tests. Since the computation problems in both extensions are
#P-complete, we gave two FPRASs for them. An open question that remainsis. there are

many results bounding the generalization error of SVMs, but they assume that the kernel is
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exactly computed. What effect does an e-approximate kernel (assuming it is akernel) have

on generalization error?
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