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0DFKLQH�/HDUQLQJ�$SSOLFDWLRQV�LQ
0LFURELDO�3RSXODWLRQ�'\QDPLFV�$QDO\VLV

7DRWDR�<X��0�6�

8QLYHUVLW\�RI�1HEUDVND������

$GYLVHU��6WHSKHQ�'��6FRWW

:LWK� WKH� DGYHQW� RI� QHZ�� HIILFLHQW� PROHFXODU� ELRORJLFDO� WHFKQLTXHV�

PRGHUQ�ELRORJ\�LV�HQFRXQWHULQJ�DQ�XQSUHFHGHQWHG�LQIRUPDWLRQ�H[SORVLRQ�VWDJH�

$VWURQRPLFDO�DPRXQWV�RI�GDWD��HVSHFLDOO\�'1$�DQG�SURWHLQ�VHTXHQFH�GDWD��DUH

LPSRVLQJ�D�JUHDW�FKDOOHQJH�IRU�FXUUHQW�FRPSXWDWLRQDO�PHWKRGV��&RPSXWHUV�DUH

JRLQJ�WR�SOD\�D�NH\�UROH�QRW�RQO\�LQ�DFFXPXODWLRQ�DQG�UHWULHYDO�RI�GDWD��EXW�DOVR

LQ� LWV� LQWHUSUHWDWLRQ�� 0DFKLQH� OHDUQLQJ� DOJRULWKPV� DUH� LQFUHDVLQJO\� UHFHLYLQJ

UHVHDUFKHUV
� DWWHQWLRQ� DQG� LQWHUHVW�� EHFDXVH� VXFK� DSSURDFKHV� DUH� LGHDOO\� VXLWHG

IRU� GRPDLQV� FKDUDFWHUL]HG� E\� WKH� SUHVHQFH� RI� ODUJH� DPRXQWV� RI� GDWD�� �QRLV\�

SDWWHUQV��DQG�WKH�DEVHQFH�RI�JHQHUDO�WKHRULHV�

,Q�WKLV�WKHVLV��ZH�GHVLJQHG�D�IUDPHZRUN�EDVHG�RQ�KLHUDUFKLFDO�FOXVWHULQJ

DOJRULWKPV�WR�LGHQWLI\�JHQHWLFDOO\�VLPLODU�JURXSV�LQ�PLFURELDO�SRSXODWLRQV�IURP

PLFURELDO� '1$� ILQJHUSULQWLQJ� GDWD�� :H� DOVR� LPSOHPHQWHG� D� V\QWKHWLF� GDWD

JHQHUDWRU� EDVHG� RQ� SDUDPHWHUL]HG� PDWKHPDWLFDO� PRGHOV� RI� PLFURELDO
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SRSXODWLRQ� JURZWK� DQG� VDWXUDWLRQ�� ZKLFK� FDQ� EH� XVHG� WR� GLUHFWO\� FRPSDUH

UHJUHVVRUV� DQG� FODVVLILHUV�� � )XUWKHUPRUH�� ZH� LPSOHPHQWHG� YDULRXV� UHJUHVVLRQ

DOJRULWKPV�DQG�HYDOXDWH�WKHLU�SHUIRUPDQFH�RQ�WKH�V\QWKHWLF�GDWD��:H�DOVR�UHSRUW

VRPH�UHVXOWV�RQ�WKH�PLQLPXP�GDWD�UHTXLUHPHQWV�IRU�WKHVH�UHJUHVVLRQ�PHWKRGV

WR� DFFXUDWHO\� PRGHO� WKH� SRSXODWLRQV�� $OVR�� ZH� SURSRVH� D� PHWKRGRORJ\� IRU

DXWRPDWLFDOO\� LGHQWLI\LQJ� VDWXUDWLRQ� SRLQWV� LQ� SRSXODWLRQ� G\QDPLFV� GDWDVHWV�

)LQDOO\�� ZH� SUHVHQW� VRPH� VXJJHVWLRQV� RI� IXUWKHU� UHVHDUFK�� VXFK� DV� QHZ

UHJUHVVRUV� WKDW� PD\� FRQYHUJH� IDVWHU� DQG� FDQ� VWLOO� LGHQWLI\� WKH� FKDQJHV� LQ� WKH

JURZWK�PRGHO�
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&KDSWHU�����,QWURGXFWLRQ

����0RWLYDWLRQ

7KH� LGHD� RI� FRPSXWLQJ� LV� DV� ROG� DV� KXPDQ�KLVWRU\�� 3HRSOH� DOZD\V�ZDQW� WR� H[SDQG

WKHLU�FRPSXWLQJ�SRZHU�E\�LQYHQWLQJ�VRPH�FRPSOH[�FRXQWLQJ�GHYLFHV��,Q�WKH�ODWH�����V��WKH

(QJOLVK�PDWKHPDWLFLDQ�$ODQ�7XULQJ�GHVFULEHG�WKH�SULQFLSOHV��LQFOXGLQJ�DOO�WKH�FDSDELOLWLHV�DQG

OLPLWDWLRQV�� RI� D�K\SRWKHWLFDO� XQLYHUVDO� FRPSXWLQJ�PDFKLQH� NQRZQ� DV� WKH�7XULQJ�PDFKLQH�

%DVHG�RQ�VXFK�WKHRUHWLFDO�ZRUN��SHRSOH�VWDUWHG�WR�EXLOG�PRGHUQ�HOHFWURQLF�FRPSXWHUV���7KH

ILUVW�RSHUDWLRQDO�HOHFWURQLF��JHQHUDO�SXUSRVH�FRPSXWHU�� WKH�(1,$&��ZDV�EXLOW� LQ� WKH�����V�

/DWHU� -RKQ� YRQ� 1HXPDQQ� GHYHORSHG� WKH� �VWRUHG�SURJUDP� FRQFHSW��� ZKLFK� KDV� JUHDWO\

LQIOXHQFHG� WKH� GHVLJQ� RI� WKH�PRGHUQ� FRPSXWHU�� � 6LQFH� WKHQ�� WKH� LPSDFW� RI� FRPSXWHUV� RQ

H[WHQGLQJ�KXPDQ� LQWHOOLJHQFH�KDV�EHHQ� SKHQRPHQDO� DQG� XQSUHFHGHQWHG�� �&RPSXWHUV� KDYH

PRYHG�LQWR�HYHU\�DVSHFW�RI�VRFLHW\��FXOWXUH�DQG�VFLHQFH�UDSLGO\�DQG�FRPSOHWHO\��7KLV�KDV�OHG

WR�WKH�LQIRUPDWLRQ�UHYROXWLRQ�LQ�WKH�KLVWRU\�RI� WKH�KXPDQ�FLYLOL]DWLRQ��7KHUH� LV�QRZ�D�QHZ

GHILQLWLRQ�RI�VFLHQWLILF�LQYHVWLJDWLRQ��ZLWK�WKH�FRPSXWDWLRQDO�VFLHQWLVWV�MRLQLQJ�WKHRUHWLFDO�DQG

H[SHULPHQWDO� VFLHQWLVW� LQ�HYHU\�GLVFLSOLQH�� VXFK�DV�FKHPLVWU\��SK\VLFV�� JHRVFLHQFH��PROHFXODU

ELRORJ\��HWF�

7KH�JUHDWHVW�LPSDFW�KDV�EHHQ�RQ�ELRORJ\��ZKRVH�PDLQ�JRDO�LV�WR�XQGHUVWDQG�ZKHUH�ZH

DUH� IURP�� KRZ� ZH� OLYH�� DQG� KRZ� ZH� EHFRPH� GLVWLQFW� LQGLYLGXDOV�� %LRORJ\�� WUDGLWLRQDOO\

FRQVLGHUHG�DV�DQ�H[SHULPHQWDO� VFLHQFH� ILHOG� WKDW�HPSKDVL]HV�RQ� WKH�H[SHULPHQWDO� UHVXOWV� WR

GHULYH�WKHRU\��QRZ�LV�HQWHULQJ�LQWR�D�QHZ�HUD�EHFDXVH�RI�PRGHUQ�FRPSXWHU�WHFKQRORJ\��7KH

HYHU�LQFUHDVLQJ� SRZHU� RI� WKH�PRGHUQ� FRPSXWHU� KDV� JLYHQ� VFLHQWLVWV� QHZ� RSSRUWXQLWLHV� WR

WDFNOH�SUREOHPV�VR�FRPSOH[�WKDW�WKH\�FRXOG�QRW�KDYH�EHHQ�LQYHVWLJDWHG�ZLWKRXW�FRPSXWHUV�
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&RPSXWHUV� DUH� H[WHQGLQJ� VFLHQWLVWV
� UHDFK� E\� HQDEOLQJ� WKHP� WR� DQDO\]H� HQRUPRXV

DPRXQWV� RI� GDWD�� VLPXODWH� FRPSOH[� V\VWHPV�� DQG� H[SORLW� KLGGHQ� SDWWHUQV�� &RPSXWDWLRQDO

DQDO\VLV�RI�ELRORJLFDO�VHTXHQFHV��OLQHDU�GHVFULSWLRQV�RI�SURWHLQV��'1$�DQG�51$�PROHFXOHV�

KDV� FRPSOHWHO\� FKDQJHG� LWV� FKDUDFWHU� VLQFH� WKH� ODWH� ����V� >�@�� 7KH� GHYHORSPHQW� RI� QHZ�

HIILFLHQW� H[SHULPHQWDO� WHFKQLTXHV�� VXFK� DV� 3&5�� PLFURDUUD\� WHFKQRORJ\� DQG� '1$

VHTXHQFLQJ��KDV�OHG�WR�DQ�LQIRUPDWLRQ�H[SORVLRQ��HVSHFLDOO\�ZLWK�WKH�+XPDQ�*HQRPH�3URMHFW

ODXQFKHG�LQ�WKH�ODWH�����V��7KH�+XPDQ�*HQRPH�3URMHFW�LV�RQH�RI�WKH�PRVW�H[FLWLQJ�UHVHDUFK

HIIRUWV�HYHU��ZKLFK�LV�WR�VHTXHQFH�DQG�PDS�DOO�WKH�JHQHWLF�FRGH�RI�D�KXPDQ�EHLQJ��6XFK�DQ

HIIRUW�ZRXOG�QRW�EH�SRVVLEOH�ZLWKRXW�WKH�FRPSXWHU
V�DLG��7KH�FRPSXWHU�LV�SOD\LQJ�D�NH\�UROH

LQ� DFFXPXODWLRQ� DQG� LQWHUSUHWDWLRQ� RI� HQRUPRXV� YROXPHV� RI� GDWD�� $� QHZ� LQWHUGLVFLSOLQDU\

ILHOG� FDOOHG� ELRLQIRUPDWLFV�� ZKLFK� LQWHJUDWHV� FRPSXWHU� VFLHQFH� DQG�PROHFXODU� ELRORJ\�� KDV

HPHUJHG�DQG�KDV�EHHQ�RQH�RI�WKH�IDVWHVW�JURZLQJ�ILHOGV�LQ�UHFHQW�\HDUV�

0LFURELDO� SRSXODWLRQ� G\QDPLFV� DQDO\VLV� LV� DQ� DFWLYH� UHVHDUFK� DUHD� LQ� SUHGLFWLYH

PLFURELRORJ\�DQG�PLFURELRORJLFDO�HFRORJ\��ZLWK�WKH�PDLQ�JRDO�WR�GHVFULEH��PRGHO�DQG�SUHGLFW

WKH� G\QDPLF� EHKDYLRU� RI� PLFURELDO� SRSXODWLRQV� E\� PDWKHPDWLFDO� DQG� VWDWLVWLFDO

PHDVXUHPHQWV��)XUWKHUPRUH��SRSXODWLRQ�G\QDPLFV� UHVHDUFK�HQDEOHV�VFLHQWLVWV� WR� LQYHVWLJDWH

WKH� FKDQJHV� RI� PLFURELDO� GLYHUVLW\�� WKH� EHKDYLRU� RI� VRPH� SDUWLFXODUO\� LQWHUHVWHG

PLFURRUJDQLVP� DW� GLIIHUHQW� OHYHOV�� $W� WKH� VDPH� WLPH�� EHFDXVH� RI� WKH� GHYHORSPHQW� RI

PROHFXODU� WRROV� VXFK� DV� 3&5� DQG� '1$� ILQJHUSULQWLQJ�� VFLHQWLVWV� DUH� DEOH� WR� GLUHFWO\

LQYHVWLJDWH� LQKHUHQW� JHQHWLF� LQIRUPDWLRQ�� 7KLV� LV� D� YDVW� LPSURYHPHQW� RYHU� WKH� WLPH�

FRQVXPLQJ� FXOWXUH� SURFHVVHV� SUHYLRXVO\� XVHG� WR� LGHQWLI\� GLVWLQFW� JHQRW\SHV� DQG� VWUDLQV�

+RZHYHU��RQ�WKH�RWKHU�KDQG��WKRVH�PRGHUQ�WHFKQLTXHV�SURGXFH�VLJQLILFDQWO\�PRUH�GDWD�WKDQ

HYHU� EHIRUH�� ZKLFK� FDQ� RQO\� EH� PRGHOHG� DQG� DQDO\]HG� E\� WKH� HYHU�LQFUHDVLQJ� FRPSXWLQJ

SRZHU�� 7KH� LQKHUHQW� FRPSOH[LW\� DQG� YDULDELOLW\� RI� PLFURELDO� SRSXODWLRQV� SRVHV� JUHDW
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FKDOOHQJHV�WR�FRQYHQWLRQDO�DOJRULWKPV�DQG�DSSURDFKHV��+HQFH��LW�LV�LPSRUWDQW�WR�DSSO\�VRPH

UREXVW� DQG� HIILFLHQW� DOJRULWKPV� WKDW� DUH� FDSDEOH� RI� H[WUDFWLQJ� XVHIXO� LQIRUPDWLRQ� IURP

FRPSOH[� DQG� QRLV\� V\VWHPV�� 0DFKLQH� OHDUQLQJ� GHDOV� ZLWK� KRZ� WR� FRQVWUXFW� FRPSXWHU

SURJUDPV� WKDW� DXWRPDWLFDOO\� LPSURYH� ZLWK� H[SHULHQFH�� ,PDJLQH� FRPSXWHUV� OHDUQLQJ� IURP

PHGLFDO� UHFRUGV�ZKLFK� WUHDWPHQW� LV�PRVW� HIIHFWLYH� IRU� VSHFLILF� GLVHDVHV�RQ� VSHFLILF� SHRSOH�

$OJRULWKPV�EDVHG�RQ�PDFKLQH�OHDUQLQJ�WHFKQLTXHV�KDYH�EHHQ�SURYHG�WR�KDYH�WKH�DGYDQWDJH

RI� UREXVWQHVV�� QRLVH�UHVLVWDQFH� DQG� FDSDELOLW\� WR� DXWRPDWLFDOO\� OHDUQ� WKH� XQGHUO\LQJ� WKHRU\

IURP�WKH�WUDLQLQJ�GDWD��WKURXJK�FODVVLILFDWLRQ�� LQIHUHQFH��GHFLVLRQ�PDNLQJ�DQG�PRGHO�ILWWLQJ�

0DQ\�RI�WKHP�KDYH�DOUHDG\�EHHQ�VXFFHVVIXOO\�DSSOLHG�WR�YDULRXV�SUDFWLFDO�SUREOHPV��VXFK�DV

VSHHFK�UHFRJQLWLRQ�>�@��URERW�FRQWURO�>�@��DQG�LPDJH�DQDO\VLV�>�@�

�����3XUSRVH�RI�WKLV�5HVHDUFK

0LFURELDO� G\QDPLF� SRSXODWLRQ� DQDO\VLV� LV� RQH� RI� WKH� ROGHVW� UHVHDUFK� DUHDV� LQ

PLFURELRORJ\��,W�ZRXOG�EH�GLIILFXOW�WR�RYHUVWDWH�WKH�VLJQLILFDQW�LPSRUWDQFH�RI�PLFURRUJDQLVPV

LQ� WKH� ZKROH� HFRV\VWHP�� 5HFHQW� UHVHDUFK� GHYHORSPHQWV� LQ� V\VWHP� HFRORJ\�� RUJDQLVP

PLFURELRORJ\�� DQG� PROHFXODU� ELRORJ\� LQGLFDWH� WKDW� PLFURELDO� GLYHUVLW\� LV� IDU� EH\RQG� RXU

LPDJLQDWLRQ��0RUH�DQG�PRUH�QHZ�PLFUREHV�DUH�JRLQJ�WR�EH�GLVFRYHUHG���7KH�LPSRUWDQFH�RI

PLFURRUJDQLVPV� FRPHV� QRW� RQO\� IURP� WKHLU� PDMRU� UROH� LQ� JHRFKHPLFDO� F\FOH� DQG� HQHUJ\

SURGXFWLRQ��EXW�DOVR�IURP�WKHLU�SUHVHQFH�LQ�HYHU\�DVSHFW�RI�KXPDQ�OLIH��%HWWHU�XQGHUVWDQGLQJ

WKH�GLVWULEXWLRQ�DQG�DFWLYLW\�RI�FHUWDLQ�PLFURELDO�G\QDPLF�SRSXODWLRQV�ZLOO�JUHDWO\�KHOS�XV�WR

GHILQH� WKH�JHQHWLF�GLYHUVLW\� LQ� WKH�SRSXODWLRQ��DQG�SURYLGH�EHWWHU�FRQWURO� DQG�PDQDJHPHQW

IRU�PLFURRUJDQLVPV�

:H� DUH� IDFHG� ZLWK� D� G\QDPLF� XQLYHUVH�� (YHU\� REMHFW� ZH� SHUFHLYH� LV� XQGHUJRLQJ

FKDQJH�RI�RQH�VRUW�RI�DQRWKHU��UDSLGO\�RU�VORZO\��'\QDPLF�VKLIWV�LQ�PLFURELDO�SRSXODWLRQV�DUH

OLNHO\� WR� EH� DVVRFLDWHG� ZLWK� HQYLURQPHQWDO� RU� SK\VLRORJLFDO� FKDQJHV�� )RU� H[DPSOH�� WKH
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LQIHFWLRQ�RI�D�KXPDQ�RU�DQLPDO
V�JDVWURLQWHVWLQDO�WUDFW�E\�(��FROL�2����+���DQ�HPHUJLQJ�FDXVH

RI� IRRGERUQH� LOOQHVV�� WR[LQ�SURGXFLQJ�(�� FROL� VWUDLQ�� LV� OLNHO\� WR� VLJQLILFDQWO\� DIIHFW� WKH� WRWDO

PLFURELDO�SRSXODWLRQ�RI� WKH�JDVWURLQWHVWLQDO� WUDFW� �SHUKDSV�GXH� WR� VRXUFH�FRPSHWLWLRQ���2Q

WKH�RWKHU�KDQG�� WKH�FDSDELOLW\� DQG�DFWLYLW\�RI�(�� FROL�2����+�� WR� LQIHFW� WKH� JDVWURLQWHVWLQDO

WUDFW� LV� DOVR� LQIOXHQFHG� E\� RWKHU� SRSXODWLRQ� FRPSRQHQWV�� DV� ZHOO� DV� RWKHU� LQWHUQDO� DQG

H[WHUQDO�IDFWRUV�� �)RU�H[DPSOH�� LI�VRPH�DQWLPLFURELDO�DJHQWV�DUH�LQWURGXFHG�LQWR�WKH�VDPSOH

SRSXODWLRQV�� WKH� H[SHULPHQWDO� GDWD� VHWV� FRUUHVSRQGLQJ� WR� WKH� VKLIWV� EHWZHHQ� WKH� FRQWURO

JURXS�DQG�WUHDWPHQW�JURXS�FDQ�EH�IHG�LQWR�VRPH�PDFKLQH�OHDUQLQJ�DOJRULWKP�WR�ILQG�KRZ�WKH

YDULDEOHV�DQG�RWKHU�SRSXODWLRQ�UHVLGHQWV�DIIHFW�WKH�FDSDFLW\�RI�D�FHUWDLQ�PLFUREH�WR�HQWHU�DQG

IORXULVK� LQ� WKH� SRSXODWLRQ�� ,Q� RXU� UHVHDUFK�� ZH� XVH� '1$� ILQJHUSULQWLQJ� GDWD� IRU� WKH

LGHQWLILFDWLRQ�RI�QDWXUDO�(��FROL�PLFURELDO�SRSXODWLRQV�DQG�VWXG\�WKH�SDWWHUQ�DQG�GLVWULEXWLRQ

RI�KRPRJHQRXV�PLFURELDO�JURXSV�LQ�WKH�SRSXODWLRQ��7KLV�UHVHDUFK�HPSOR\V�FODVVLFDO�EDFWHULDO

WHFKQLTXHV�FRXSOHG�ZLWK�PRUH�UHFHQW�GHYHORSPHQWV�LQ�PROHFXODU�ELRORJ\�DV�ZHOO�DV�PRGHUQ

FRPSXWHU� VFLHQFH� DOJRULWKPV�� VXFK� DV� FOXVWHULQJ� DOJRULWKPV� DQG� OHDUQLQJ� DOJRULWKPV�� WR

SURFHVV�DQG�DQDO\]H�WKH�GDWD��%HFDXVH�RI�FHUWDLQ�DGYDQWDJHV�RI�PDFKLQH�OHDUQLQJ�DOJRULWKPV�

DOJRULWKPV�EDVHG�RQ�PDFKLQH� OHDUQLQJ�WKHRU\�DUH�EHLQJ�FRQVLGHUHG� LQ�WKLV�UHVHDUFK��7R�RXU

NQRZOHGJH��QR�VLPLODU�DSSURDFKHV�KDYH�EHHQ�SXEOLVKHG��7KLV�WKHVLV�PDNHV�DQ�DWWHPSW�LQ�WKDW

GLUHFWLRQ� E\� DSSO\LQJ� FHUWDLQ� PDFKLQH� OHDUQLQJ� WHFKQLTXHV� DV� D� VWDUWLQJ� SRLQW� IRU� IXUWKHU

LQYHVWLJDWLRQ�

����7KH�([SHULPHQWV

,Q� WKLV� SURMHFW�� ZH� DSSO\� FRPSXWDWLRQDO� DSSURDFKHV� DQG� GHYHORS� FHUWDLQ�PRGHOLQJ

DQG� DQDO\VLV� WRROV� IRU� PLFURELDO� SRSXODWLRQ� G\QDPLFV� EDVHG� RQ� '1$� ILQJHUSULQWLQJ

LQIRUPDWLRQ��%HFDXVH�RI�D�ODFNLQJ�RI�UHDO�GDWD��ZH�GHYHORSHG�D�IUDPHZRUN�IRU�DUWLILFLDO�GDWD
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JHQHUDWLRQ�IURP�D�UHDO�GDWD�VHW�EDVHG�RQ�FHUWDLQ�PRGHOV��7KH�UHDO�GDWD�VHW�SURYLGHG�E\�'U�

$QGUHZ� %HQVRQ
V� /DE� LQ� 'HSDUWPHQW� RI� )RRG� 6FLHQFH� DQG� 7HFKQRORJ\� �8QLYHUVLW\� RI

1HEUDVND�/LQFROQ�� FRQWDLQV� VHTXHQFHV� RI� ELQDU\� GDWD� FRUUHVSRQGLQJ� WR� WKH�(�� FROL� '1$

ILQJHUSULQWLQJ�JHO�SDWWHUQ�REWDLQHG�WKURXJK�D�VHULHV�RI�PROHFXODU�ELRORJLFDO�SURWRFROV��(��FROL

VDPSOHV�DUH�FROOHFWHG�IURP�FRZ
V�LQWHVWLQDO�WUDFWV�DW�GLIIHUHQW�WLPH�SRLQWV��(DFK�FRZ
V�GLHW�LV

VWULFWO\� FRQWUROOHG� WR� PLQLPL]H� WKH� QXWULHQWV
� HIIHFW� RQ� PLFURELDO� SRSXODWLRQ� LQVLGH� WKH

LQWHVWLQDO� WUDFW�� � 7KHQ� DIWHU� VHYHUDO� FRQWLQXRXV� VWHSV� RI� GLOXWLRQ� WR� GHFUHDVH� WKH�PLFURELDO

FRQFHQWUDWLRQ�WR�VRPH�GHJUHH�DSSURSULDWH�IRU�FXOWXULQJ�� WKH�VDPSOHV�DUH�SODFHG�RQWR�DQ�(�

FROL�VSHFLILF�PHGLXP��ZKHUH�RQO\�(��FROL�VWUDLQV�FDQ�VXUYLYH�DQG�XQGHUJR�D�QRUPDO� OLIH�F\FOH�

'LIIHUHQW�(��FROL�VWUDLQV�GHYHORS�LQWR�GLVWLQFW�FRORQLHV�RQ�WKH�PHGLXP��7KHQ�(��FROL�'1$V�DUH

H[WUDFWHG�DQG�SXULILHG� IURP� WZHQW\� UDQGRPO\�VHOHFWHG�FRORQLHV� �FDOOHG� LVRODWHV�� DFFRUGLQJ� WR

FHUWDLQ� PROHFXODU� ELRORJ\� SURWRFROV�� $IWHU� WKDW�� DOO� (�� FROL� '1$V� DUH� DQDO\]HG� XVLQJ

HOHFWURSKRUHVLV�WR�EH�VHSDUDWHG�RQ�WKH�JHO��7KLV�SURFHGXUH� LV�FDOOHG�'1$�ILQJHUSULQWLQJ��7KH

JHO�SDWWHUQ�ZLWK�FHUWDLQ�'1$�EDQGV�RQ� FHUWDLQ�SRVLWLRQV�GHILQHV� WKH�GLIIHUHQFH�RI� JHQHWLF

LQIRUPDWLRQ�LQ�HDFK�(��FROL�VWUDLQ��7KRVH�EDQG�SDWWHUQV�FDQ�EH�FRQYHUWHG�WR�D�ELQDU\�IRUPDW�

,I�WKHUH�H[LVWV�D�EDQG�DW�D�FHUWDLQ�SRVLWLRQ��ELW���LV�REWDLQHG��RWKHUZLVH����LV�REWDLQHG��%\�VXFK

D�FRQYHUVLRQ��ZH�DUH�DEOH�WR�OLQN�YDULRXV�(��FROL�VWUDLQV�GLUHFWO\�WR�WKH�ELQDU\�GDWD��ZKLFK�FDQ

EH�HDVLO\�PDQLSXODWHG�DQG�DQDO\]HG��)RU�GHWDLOV�RQ�WKH�H[SHULPHQWDO�SURFHGXUHV��VHH�.LP�HW�

DO�>�@�

7KH�VWDUWLQJ�ILOH�FRQWDLQV�(��FROL�VWUDLQ�JHQHWLF� LQIRUPDWLRQ�IURP�WZR�GLHW�FRQWUROOHG

FRZV�DW�WHQ�WLPH�SRLQWV��ZLWK�WZHQW\�LVRODWHV�DW�HDFK�WLPH��6R�RXU�GDWD�VHWV�DFWXDOO\�KDYH�WKUHH

SDUDPHWHUV��WKH�QXPEHU�RI�DQLPDO�KRVWV��LQ�WKLV�FDVH��WKH�QXPEHU�RI�FRZV��� WKH�QXPEHU�RI

WLPH�SRLQWV��DQG� WKH�QXPEHU�RI� LVRODWHV�DW�HDFK� WLPH�SRLQWV��7KXV�D� WRWDO�RI��[��[�� ���

VWULQJV�RI�ELQDU\�GDWD�IURP�WKH�VWDUWLQJ�ILOH�VHUYH�DV�WKH�WHPSODWH�IRU�DUWLILFLDO�GDWD�JHQHUDWLRQ�
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(DFK� DUWLILFLDO� GDWD� ILOH� FRQWDLQV� GLIIHUHQW� VHTXHQFHV� RI� ELQDU\� GDWD�� RU� ELW� YHFWRUV�� 7KH

DUWLILFLDO�GDWD�JHQHUDWLRQ�SURFHGXUH�LV�GLVFXVVHG�LQ�GHWDLO�LQ�6HFWLRQ�����

7KHQ� ZH� DSSOLHG� D� KLHUDUFKLFDO� FOXVWHULQJ� DOJRULWKP� FDOOHG� WKH� 0DWUL[� 8SGDWLQJ

$OJRULWKPLF�6FKHPH� �08$6��RQ� WKRVH�JHQHUDWHG�DUWLILFLDO�ELQDU\�GDWD� VHWV� WR� FRPELQH� WKH

'1$� ILQJHUSULQWLQJ� ELQDU\� YHFWRUV� LQWR� JHQHWLFDOO\� KRPRJHQRXV� FOXVWHUV� FDOOHG� JURXSV��:H

XVH� WKH�+DPPLQJ� GLVWDQFH� WR� PHDVXUH� LQWHU�YHFWRU� GLVWDQFH� IRU� WKH� 086$� DOJRULWKP� 7KH

+DPPLQJ�GLVWDQFH�EHWZHHQ�YHFWRUV�Y�DQG�Z��GHQRWHG�E\�G�Y�Z���LV�GHILQHG�DV�WKH�QXPEHU�RI

SODFHV�ZKHUH�Y�DQG�Z�GLIIHU��)R[�H[DPSOH��WKH�+DPPLQJ�GLVWDQFH�EHWZHHQ�Y ���������������

DQG�Z ����������������LV����:H�ZLOO�SURYLGH�IXUWKHU�GHWDLOV�RI�JHQHUDO�FOXVWHULQJ�SURFHGXUHV

DQG�08$6�LQ�6HFWLRQ�����

,Q�KLHUDUFKLDO�FOXVWHULQJ��WKH�GDWD�FDQ�EH�YLHZHG�LQ�D�ELQDU\�WUHH�VWUXFWXUH��DOVR�FDOOHG

D�WKUHVKROG�GHQGURJUDP��RU�VLPSO\�D�GHQGURJUDP���%DVHG�RQ�WKH�GHQGURJUDP�GHULYHG�IURP

WKH�08$6��ZH�DUH�DEOH� WR� VHOHFW� D� FRPSOHWH� FOXVWHULQJ�EDVHG�RQ� D�GLVWDQFH� WKUHVKROG��:H

WUDFH� IURP� WKH� URRW� RI� WKH� WUHH� XQWLO� LQWHUQDO� QRGHV� ZLWK� GLVWDQFH� OHVV� RU� HTXDO� WR� WKH

WKUHVKROG�DUH�IRXQG��(DFK�VXEWUHH�URRWHG�DW�VXFK�QRGHV�LV�FRQVLGHUHG�WR�EH�RQH�JURXS�� L�H�

WKH�OHDYHV�RI�WKH�VXEWUHH�FRUUHVSRQG�WR�ELQDU\�YHFWRUV�ZLWK�D�ORZ�GHJUHH�RI�GLVVLPLODULW\�DQG

WKXV� EHORQJ� WR� WKH� VDPH� JURXS�� 7KHQ� WKH� DEXQGDQFH� RI� WKLV� SDUWLFXODU� JURXS� IURP� RQH

VSHFLILF� KRVW� DQG� RQH� VSHFLILF� WLPH� SRLQW� LV� MXVW� WKH� WRWDO� QXPEHU� RI� ELQDU\� YHFWRUV� WKDW

EHORQJ� WR� WKH� JURXS� IURP� WKDW� VSHFLILF� KRVW� DQG� WLPH�� )RU� D� H[DPSOH� RI� WKH� FOXVWHULQJ

SURFHGXUH��SOHDVH�UHIHU�WR�$SSHQGL[

$IWHU�WKH�DEXQGDQFH�RI�HDFK�JURXS�LV�FROOHFWHG��ZH�UDQGRPO\�DVVLJQ�GLIIHUHQW�JURZWK

PRGHOV�WR�HDFK�LQGLYLGXDO�JURXS�EDVHG�RQ�WKH�DUWLILFLDO�GDWD�JHQHUDWLQJ�SURFHGXUH�GLVFXVVHG

LQ� 6HFWLRQ� ����� 6XFK� DQ� DUWLILFLDO� JURZWK� PRGHO� JHQHUDWRU� FDQ� EH� GLUHFWO\� XVHG� LQ� IXUWKHU

WKHRUHWLFDO�UHVHDUFK�RQ�PLFURELDO�SRSXODWLRQ�G\QDPLFV�
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�,Q�RUGHU� WR� ILQG� D� JRRG� OLQHDU� UHJUHVVRU�EHWZHHQ� DEXQGDQFH� GDWD� DQG� WLPH� SRLQWV

JHQHUDWHG� IURP�WKH�H[SRQHQWLDO�JURZWK�PRGHO��ZH�XVH� WKH�QDWXUDO� ORJDULWKP�RI� DEXQGDQFH

GDWD� �ORJDULWKP� WR� WKH� EDVH� H�� RU� OQ��� ,�H�� DOO� UHVSRQVH� YDULDEOHV� �DEXQGDQFH� GDWD�� XVHG� LQ

IROORZLQJ� H[SHULPHQWV� DUH� DFWXDOO\� WKH� QDWXUDO� ORJDULWKP� RI� RULJLQDO� DEXQGDQFH� GDWD�� �:H

DSSOLHG� D� VWDQGDUG� OLQHDU� UHJUHVVLRQ� DOJRULWKP� DQG� DQ� RQ�OLQH� JUDGLHQW� GHVFHQW� �*'�

DOJRULWKP�RQ� WKH� WUDQVIRUPHG� DEXQGDQFH�GDWD��7KRVH� DOJRULWKPV� DUH�GLVFXVVHG� LQ�GHWDLO� LQ

&KDSWHU����3UHOLPLQDU\�UHVXOWV�VKRZ�WKDW�WKH�VWDQGDUG�OLQHDU�UHJUHVVRU�ILQGV�D�JRRG�ILW�RQO\�LI

WKHUH�LV�H[SRQHQWLDO�JURZWK�SKDVH�DOO�RYHU�WKH�WLPH�SRLQWV��L�H��WKHUH�LV�QR�VDWXUDWLRQ�SKDVH�LQ

WKH� JURZWK�PRGHO��7KH�*'� DOJRULWKP� LV� FDSDEOH� RI� ILQGLQJ� WKH� GLIIHUHQW� OLQHDU� UHJUHVVRUV

WKDW�DUH�EHVW�IRU�GLIIHUHQW�SKDVHV�RI� WKH�JURZWK�PRGHO�� L�H��EHIRUH�WKH�VDWXUDWLRQ�SRLQW�DQG

DIWHU�WKH�VDWXUDWLRQ�SRLQW��$OVR�ZH�HYDOXDWHG�*'·V�SHUIRUPDQFH�ZLWK�GLIIHUHQW�OHDUQLQJ�UDWHV�

)LQDOO\�ZH�SURSRVH�VRPH�SUHOLPLQDU\�LGHDV�RQ�WKH�PLQLPXP�GDWD�UHTXLUHPHQWV� �QXPEHU�RI

VDPSOH�SRLQWV�� IRU�*'�DQG� VWDQGDUG� OLQHDU� UHJUHVVLRQ� DOJRULWKP�EDVHG�RQ�RXU�SUHOLPLQDU\

UHVXOWV�

��� +RZ�WKLV�7KHVLV�LV�2UJDQL]HG

7KLV� WKHVLV� FRQVLVWV� RI� ILYH� FKDSWHUV�� &KDSWHU� �� ZLOO� LQWURGXFH� VRPH� EDFNJURXQG

NQRZOHGJH� DERXW� PDFKLQH� OHDUQLQJ�� FOXVWHULQJ� DOJRULWKPV� DQG� PLFURELDO� SRSXODWLRQ

G\QDPLFV�� ,Q�&KDSWHU����ZH�ZLOO� LQWURGXFH� WKH� VWDQGDUG� OLQHDU� UHJUHVVLRQ� DOJRULWKP�DQG� DQ

RQ�OLQH�JUDGLHQW�GHVFHQW��*'��DOJRULWKP�XVHG�LQ�WKLV�UHVHDUFK��,Q�&KDSWHU����ZH�ZLOO�GHVFULEH

WKH�GHVLJQ�DQG�LPSOHPHQWDWLRQ�RI�WKH�DUWLILFLDO�GDWD�JHQHUDWRU��7KHQ�ZH�ZLOO�GHVFULEH�KRZ�WKH

*'�DOJRULWKP�DQG�VWDQGDUG�OLQHDU�UHJUHVVLRQ�DOJRULWKP�SHUIRUP�RQ�DUWLILFLDO�GDWD���)LQDOO\��LQ

&KDSWHU����ZH�ZLOO�FRQFOXGH�WKH�WKHVLV�DQG�SUHVHQW�VRPH�VXJJHVWLRQV�RQ�IXWXUH�ZRUN�
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&KDSWHU�����%DFNJURXQG�DQG�5HYLHZ

�:H�VWDUW�WKLV�FKDSWHU�E\�GLVFXVVLQJ�WKH�LQWHJUDWLRQ�RI�FRPSXWHU�VFLHQFH�DQG�ELRORJ\�

7KHQ�ZH�ZLOO� WDON� DERXW� VRPH� FRPSXWDWLRQDO� DSSURDFKHV�� LQFOXGLQJ�PDFKLQH� OHDUQLQJ� DQG

SDWWHUQ� UHFRJQLWLRQ� DOJRULWKPV�� $IWHU� WKDW�� ZH� ZLOO� LQWURGXFH� EDVLF� FRQFHSWV� RI� PLFURELDO

SRSXODWLRQ� G\QDPLFV� DQG� GLIIHUHQW� JURZWK� PRGHOV�� $W� WKH� HQG� RI� WKLV� FKDSWHU�� ZH� ZLOO

GHVFULEH� SRVVLEOH� WUHQGV� IRU� PLFURELDO� SRSXODWLRQ� G\QDPLFV� UHVHDUFK� GULYHQ� E\� UHFHQW

GHYHORSPHQW�RI�FRPSXWHU�DQG�PROHFXODU�ELRORJ\�WHFKQLTXHV�

�����,QWHJUDWLRQ�RI�&RPSXWHU�6FLHQFH�DQG�%LRORJ\

:LWK�WKH�FRQWLQXLQJ�FROODERUDWLRQ�EHWZHHQ�FRPSXWHU� VFLHQFH�DQG�ELRORJ\� LQ� UHFHQW

\HDUV�� D� QHZ� DUHD� FDOOHG� %LRLQIRUPDWLFV� KDV� HPHUJHG�� %LRLQIRUPDWLFV� LV� DERXW� KRZ� WR

PDQLSXODWH�DQG�LQWHUSUHW�WKH�HQRUPRXV�YROXPHV�RI�GDWD�JHQHUDWHG�IURP�H[SHULPHQWV�LQ�DUHDV

VXFK� DV� JHQRPLFV�� SURWHRPLFV�� VWUXFWXUDO� ELRORJ\�� DQG� G\QDPLFV� RI� PDFURPROHFXODU

DVVHPEOLHV��ZKLFK�ZLOO�OHDG�WR�D�EHWWHU�XQGHUVWDQGLQJ�RI�OLIH��%LRLQIRUPDWLFV�LV�GHILQHG�DV�WKH

FRPSXWDWLRQDO� V\VWHPV� XVHG� WR� FROOHFW�� VWRUH�� DQG� DQDO\]H� ELRORJLFDO� LQIRUPDWLRQ�� 7KHVH

LQFOXGH� VRIWZDUH� V\VWHPV� XVHG� WR� VHTXHQFH� '1$�� GDWDEDVH� V\VWHPV� XVHG� WR� VWRUH� DQG

RUJDQL]H� WKH�GDWD�� DQG�DSSOLFDWLRQ� VRIWZDUH�XVHG� WR� DOLJQ� VHTXHQFHV� DQG�SRVH�TXHULHV�� ILQG

JHQHV�� SUHGLFW� SURWHLQ� VWUXFWXUH�� HWF�� � 7KH� UHFHQW� FRPSOHWLRQ� RI� VHTXHQFLQJ� WKH� KXPDQ

JHQRPH� LV� RQH� RI� WKH� ELJJHVW� DFKLHYHPHQWV� LQ� VFLHQFH�� DV�ZHOO� DV� LQ� KXPDQ�KLVWRU\� DQG� LW

UHDOO\�EULQJV�LQ�VLOLFR�ELRORJ\�DQG�LQ�YLYR�DQG�LQ�YLWUR�ELRORJ\�WRJHWKHU�IRU�NQRZOHGJH�GLVFRYHU\

LQ�FRPSOH[�ELRORJLFDO�V\VWHPV�

7KH� HDUO\� DSSOLFDWLRQV� RI� FRPSXWHUV� WR� PROHFXODU� ELRORJ\� LQYROYHG� JUDSKLFDO

UHSUHVHQWDWLRQ� RI�PROHFXODU� VWUXFWXUH�� PRGHOLQJ� DQG� VLPXODWLRQ� RI� ELRORJLFDO� V\VWHPV� DQG

GDWDEDVH� FUHDWLRQ� RI� ELRORJLFDO� VHTXHQFHV�� +RZHYHU�� ZLWK� WKH� UHFHQW� IDVW� GHYHORSPHQW� RI
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LQIRUPDWLRQ�WHFKQRORJ\��FRPSXWHU�DSSOLFDWLRQV�WR�PROHFXODU�ELRORJ\�DUH�IDU�EH\RQG�PHUHO\

VWRULQJ��GHVFULELQJ�DQG�UHWULHYLQJ��7KH�HPSKDVLV�LV�QRZ�WXUQLQJ�WR�NQRZOHGJH�GLVFRYHU\�IURP

WKRVH� HQRUPRXV� GDWD� VHWV�� 7KXV� ELRLQIRUPDWLFV� LV� DFWXDOO\� WKH� VWXG\� RI� KRZ� PRGHUQ

LQIRUPDWLRQ�WHFKQRORJLHV�DUH�XVHG�WR�VROYH�SUREOHPV�LQ�ELRORJ\��6RPH�KDYH�SRLQWHG�RXW�WKDW

ELRLQIRUPDWLFV�DFWXDOO\�VWXGLHV�WZR�LPSRUWDQW� LQIRUPDWLRQ�IORZV�LQ�PRGHUQ�ELRORJ\��2QH�LV

WKH�IORZ�RI�JHQHWLF�LQIRUPDWLRQ�IURP�'1$�XS�WR�GLVWLQFW�RUJDQLVP�FKDUDFWHULVWLFV��DQG�WKH

RWKHU�LV�WKH�IORZ�RI�H[SHULPHQWDO�LQIRUPDWLRQ�WR�PRGHOV�WKDW�FDQ�H[SODLQ�WKHP��DQG�WR�QHZ

H[SHULPHQWV� WR� WHVW� WKHP� >�@�� 1HYHUWKHOHVV�� VXFK� UHVHDUFK� LV� VWLOO� EDVHG� RQ� WKH� FHQWUDO

WKHRUHP� LQ� ELRORJ\�� ZKLFK� DFWXDOO\� LV� WKH� IORZ� RI� WKH� JHQHWLF� LQIRUPDWLRQ�� JHQHWLF

LQIRUPDWLRQ� LV� VWRUHG� LQ� '1$� VHTXHQFHV� �51$� VHTXHQFH� LQ� VRPH� VSHFLHV��� ZKLFK� LV

WUDQVODWHG� LQWR� VHTXHQFHV� RI� SURWHLQV�� HWF�� 7KURXJK� WKH� HYROXWLRQ� DQG� QDWXUDO� VHOHFWLRQ�

LQIRUPDWLRQ�FDQ�EH�SDVVHG�EDFN�WR�'1$��FDXVLQJ�GLIIHUHQW�JHQH�FRGHV�

�����:K\�0DFKLQH�/HDUQLQJ�$SSURDFKHV

%LRORJLFDO� V\VWHPV� DUH� WKH� PRVW� FRPSOLFDWHG� V\VWHPV� LQ� WKH� ZRUOG�� :LWK� WKH� IDVW

GHYHORSPHQW� RI� PRGHUQ� WHFKQLTXHV�� HVSHFLDOO\� LQ� ELRORJLFDO� VHTXHQFLQJ�� KXJH� DPRXQWV� RI

ELRORJLFDO�LQIRUPDWLRQ�DUH�EHLQJ�JHQHUDWHG��ZKLFK�PDNHV�WKHP�QHDUO\�LPSRVVLEOH�WR�SURFHVV

E\�KDQG��+RZHYHU��PDFKLQH�OHDUQLQJ�DOJRULWKPV�DUH�LGHDOO\�VXLWHG�IRU�GRPDLQV�FKDUDFWHUL]HG

E\�WKH�SUHVHQFH�RI� ODUJH�DPRXQWV�RI�GDWD��´QRLV\µ�SDWWHUQV��DQG�WKH�DEVHQFH�RI� WKH�JHQHUDO

WKHRU\�>�@�

0DFKLQH�OHDUQLQJ�LV�D�VXEDUHD�RI�DUWLILFLDO�LQWHOOLJHQFH�WKDW�VWXGLHV�KRZ�FRPSXWHUV�FDQ

OHDUQ�IURP�H[SHULHQFH��LPSURYLQJ�WKHLU�SHUIRUPDQFH�ZLWKRXW�KXPDQ�LQWHUYHQWLRQ���0DFKLQH

OHDUQLQJ�LWVHOI�LV�DOVR�D�PXOWLGLVFLSOLQDU\�ILHOG��,W�GUDZV�RQ�FRQFHSWV�DQG�WKHRULHV�IURP�PDQ\

RWKHU�ILHOGV��LQFOXGLQJ�FRPSXWDWLRQDO�FRPSOH[LW\�WKHRU\��LQIRUPDWLRQ�WKHRU\��SUREDELOLW\�DQG

VWDWLVWLFV�� DUWLILFLDO� LQWHOOLJHQFH�� SKLORVRSK\�� SV\FKRORJ\�� QHXURVFLHQFH�� HWF�� 7KH� LQKHUHQW
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LQWHUGLVFLSOLQDU\� QDWXUH� RI� PDFKLQH� OHDUQLQJ� PDNHV� LW� DQ� LGHDO� DSSURDFK� IRU� YDULRXV

DSSOLFDWLRQV�� )RU� VSHHFK� UHFRJQLWLRQ�� DOJRULWKPV� EDVHG� RQ� PDFKLQH� OHDUQLQJ� DUH� WKH� EHVW

DOJRULWKPV� VR� IDU�� RXWSHUIRPLQJ� DOO� RWKHU� DWWHPSWHG� DSSURDFKHV� >�@�� 0DFKLQH� OHDUQLQJ

PHWKRGV�KDYH�DOVR�EHHQ�XVHG�WR�SUHGLFW�UHFRYHU\�UDWHV�RI�SQHXPRQLD�SDWLHQWV�>�@��0DFKLQH

OHDUQLQJ� PHWKRGV� DOVR� SHUIRUP� YHU\� ZHOO� LQ� SOD\LQJ� JDPHV� VXFK� DV� EDFNJDPPRQ� DJDLQVW

ZRUOG�FODVV� KXPDQ� SOD\HUV� >���@�� $OVR�� PDFKLQH� OHDUQLQJ� PHWKRGV� DUH� URXWLQHO\� XVHG� LQ

GHWHFWLRQ� RI� WKH� IUDXGXOHQW� XVH� RI� FUHGLW� FDUGV� >�@�� ,Q� IDFW��PDFKLQH� OHDUQLQJ�PHWKRGV� DUH

HVSHFLDOO\� XVHIXO� LQ� GDWD� PLQLQJ� SUREOHPV� ZKHUH� ODUJH� GDWDEDVHV� PD\� FRQWDLQ� YDOXDEOH

LPSOLFLW�UHJXODULWLHV�WKDW�FDQ�EH�GLVFRYHUHG�DXWRPDWLFDOO\��SRRUO\�XQGHUVWRRG�GRPDLQV�ZKHUH

KXPDQV�PLJKW� QRW� KDYH� WKH� NQRZOHGJH� QHHGHG� WR� GHYHORS� HIIHFWLYH� DOJRULWKPV� DQG� DUHDV

ZKHUH�WKH�SURJUDP�PXVW�G\QDPLFDOO\�DGDSW�WR�FKDQJLQJ�FRQGLWLRQV��7KRVH�IHDWXUHV�DUH�WUXH

LQ� PRGHUQ� ELRORJLFDO� UHVHDUFK�� HVSHFLDOO\� LQ� ELRLQIRUPDWLFV�� $OWKRXJK� WKURXJK� WKH� SDVW

WZHQW\� \HDUV� ZH� KDYH� JDWKHUHG� PXFK� PRUH� NQRZOHGJH� WKDQ� EHIRUH� EHFDXVH� RI� WKH

GHYHORSPHQW� RI� DGYDQFHG� H[SHULPHQWDO� WHFKQLTXHV�� WKHUH� VWLOO� UHPDLQV� D� ORW� XQNQRZQ� DW

GLIIHUHQW�OHYHOV��VXFK�DV�WKH�PROHFXODU�OHYHO��WKH�FHOOXODU�OHYHO�DQG�WKH�SRSXODWLRQ�OHYHO��7KXV�

D� KLJK� GHJUHH� RI� XQFHUWDLQW\� DQG� PDQ\� P\VWHULHV� VWLOO� UHPDLQ� LQ� PDQ\� ELRORJ\� SUREOHPV�

3HRSOH�VWLOO�KDYHQ
W�GHYHORSHG�JHQHUDO�WKHRULHV�RQ�YDULRXV�ELRORJLFDO�SUREOHPV��IRU�H[DPSOH�

WKH�SURWHLQ� IROGLQJ�SUREOHP��PHFKDQLVPV�IRU�FDQFHU�JHQH� LQLWLDWLRQ�DQG�DFWLYDWLRQ�DQG� WKH

LPPXQH� V\VWHP�� +RZHYHU�� DW� WKH� VDPH� WLPH�� EHFDXVH� RI� RQJRLQJ� ODUJH�VFDOH� VHTXHQFLQJ

SURMHFWV��DFFRPSDQLHG�ZLWK�GHYHORSPHQWV�RQ�SURWHRPLFV�DQG�VWUXFWXUDO�ELRORJ\��PDQ\�ODUJH

ELRORJLFDO� GDWDEDVHV� FRQWDLQLQJ� HQRUPRXV� LQIRUPDWLRQ� DUH� DYDLODEOH� RQ� WKH� ZHE�� VXFK� DV

*(1%$1.��WKH�'1$�GDWDEDQN���6:,66�35273'%��WKH�SURWHLQ�VHTXHQFH�GDWDEDQN��DQG

3'%��WKH�SURWHLQ���'�VWUXFWXUH�GDWDEDQN��� �$�JRDO�RI�PDFKLQH�OHDUQLQJ�LV�WR�H[WUDFW�XVHIXO

LQIRUPDWLRQ� IURP� ODUJH� VHWV� RI� GDWD� WR� EXLOG� VRPH� DSSURSULDWH� PRGHO�� 0DFKLQH� OHDUQLQJ
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DOJRULWKPV�� LQFOXGLQJ� DUWLILFLDO� QHXUDO� QHWZRUNV�� %D\HVLDQ� OHDUQLQJ� DQG� RWKHU� SDWWHUQ

UHFRJQLWLRQ�DOJRULWKPV�VXFK�DV� FOXVWHULQJ� DOJRULWKPV�DUH� FXUUHQWO\�EHLQJ�DFWLYHO\�GHYHORSHG

DQG�DSSOLHG�LQ�PDQ\�FRPSXWDWLRQDO�ELRORJ\�SURMHFWV� �

�����&OXVWHULQJ�$OJRULWKPV�DQG�3DWWHUQ�5HFRJQLWLRQ

3DWWHUQ� UHFRJQLWLRQ� LV� WKH� VFLHQWLILF� GLVFLSOLQH� ZKRVH� JRDO� LV� WKH� FODVVLILFDWLRQ� RI

REMHFWV� LQWR� D� QXPEHU� RI� FDWHJRULHV� RU� FODVVHV�� 2ULJLQDOO\�� SDWWHUQ� UHFRJQLWLRQ� OD\� LQ

WKHRUHWLFDO� VWDWLVWLFV�� 7KH� DGYHQW� RI� FRPSXWHUV� KDV� GUDPDWLFDOO\� LQFUHDVHG� WKH� GHPDQG� IRU

SUDFWLFDO� DSSOLFDWLRQV� RI� SDWWHUQ� UHFRJQLWLRQ�� ZKLFK� KDV� OHG� WR� IXUWKHU� WKHRUHWLFDO

GHYHORSPHQW��3DWWHUQ�UHFRJQLWLRQ�KDV�EHFRPH�DQ�LQWHJUDO�SDUW� LQ�PRVW�PDFKLQH�LQWHOOLJHQFH

V\VWHPV�EXLOW�IRU�GHFLVLRQ�PDNLQJ�>��@�

7KH�DSSOLFDWLRQ�RI�SDWWHUQ�UHFRJQLWLRQ�LV�DV�ZLGH�DV�WKDW�RI�PDFKLQH�OHDUQLQJ��,Q�IDFW�

DSSURDFKHV� WDNHQ� IURP� ERWK� ILHOGV� DUH� LQWHJUDWHG� DQG� DSSOLHG� LQ� QXPHURXV� WDVNV� DW� PRVW

WLPHV�� ,PDJH� SURFHVVLQJ�� FKDUDFWHU� UHFRJQLWLRQ�� WH[W� UHWULHYDO�� FRPSXWHU�DLGHG� PHGLFDO

GLDJQRVLV� DQG� VSHHFK� UHFRJQLWLRQ� DUH� VRPH� PDLQ� H[DPSOHV� RI� SDWWHUQ� UHFRJQLWLRQ

DSSOLFDWLRQV�

'LIIHUHQW�WDVNV�UHTXLUH�GLIIHUHQW�SDWWHUQ�UHFRJQLWLRQ�DSSURDFKHV��7ZR�PDLQ�W\SHV�RI

SDWWHUQ�UHFRJQLWLRQ�DUH�VXSHUYLVHG�SDWWHUQ�UHFRJQLWLRQ�DQG�XQVXSHUYLVHG�SDWWHUQ�UHFRJQLWLRQ�

,I�D�VHW�RI�WUDLQLQJ�GDWD�ZDV�DYDLODEOH�DQG�WKH�FODVVLILHU�ZDV�GHVLJQHG�E\�H[SORLWLQJ�VXFK�SULRU

NQRZOHGJH��WKLV�LV�NQRZQ�DV�VXSHUYLVHG�SDWWHUQ�UHFRJQLWLRQ��2Q�WKH�RWKHU�KDQG��LI�WKHUH�LV�QR

WUDLQLQJ� GDWD� ZLWK� NQRZQ� FODVV� ODEHOV� DYDLODEOH�� WKLV� LV� NQRZQ� DV� XQVXSHUYLVHG� SDWWHUQ

UHFRJQLWLRQ�RU�FOXVWHULQJ�

6LQFH� FOXVWHULQJ� UHVXOWV� GHSHQG� RQ� WKH� VSHFLILF� DOJRULWKP� DQG� WKH� FULWHULD� XVHG�� D

FOXVWHULQJ� DOJRULWKP� LV� DOVR� FRQVLGHUHG� DV� D� OHDUQLQJ� SURFHGXUH� WKDW� WULHV� WR� LGHQWLI\� WKH

VSHFLILF� SDWWHUQ� RU� FKDUDFWHULVWLF� XQGHUO\LQJ� WKH� GDWD� VHWV�� $� FOXVWHULQJ� DOJRULWKP� PD\� EH
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GLYLGHG� LQWR� VHYHUDO�PDMRU� FDWHJRULHV�� 6HTXHQWLDO� DQG� KLHUDUFKLFDO� FOXVWHULQJ� DOJRULWKPV� DUH

WKH�WZR�PDLQ�FDWHJRULHV��6HTXHQWLDO�FOXVWHULQJ�DOJRULWKPV�DUH�TXLWH�VWUDLJKWIRUZDUG�DQG�IDVW

PHWKRGV�WKDW�SURGXFH�D�VLQJOH�FOXVWHULQJ��+LHUDUFKLFDO�FOXVWHULQJ�DOJRULWKPV�EXLOG�D�KLHUDUFK\

RI�FOXVWHULQJV��UHYHDOLQJ�QHVWHG�FOXVWHU�EDVHG�UHODWLRQVKLSV��+LHUDUFKLFDO�FOXVWHULQJ�DOJRULWKPV

FDQ� EH� IXUWKHU� GLYLGHG� LQWR� GLYLVLYH� DOJRULWKPV� DQG� DJJORPHUDWLYH� DOJRULWKPV�� 'LYLVLYH

DOJRULWKPV�SURGXFH�D� VHTXHQFH�RI�FOXVWHULQJV� LQ� WKH�RSSRVLWH�GLUHFWLRQ�� L�H�� WKH\�SURGXFH�D

VHTXHQFH�RI�FOXVWHULQJV�RI�LQFUHDVLQJ�QXPEHU�RI�FOXVWHUV�DW�HDFK�VWHS�E\�VSOLWWLQJ�D�SUHYLRXV

VLQJOH� FOXVWHU� LQWR� WZR�� $JJORPHUDWLYH� DOJRULWKPV� SURGXFH� D� VHTXHQFH� RI� FOXVWHULQJV� RI

GHFUHDVLQJ�QXPEHU�RI�FOXVWHUV�DW�HDFK�VWHS�E\�PHUJLQJ�WZR�SUHYLRXV�FOXVWHUV�LQWR�RQH�

)LJXUH�����VKRZV�WKH�YDULRXV�VWHSV�LQYROYHG�LQ�GHYHORSLQJ�D�FOXVWHULQJ�WDVN��7KH�ILUVW

VWHS�LV�IHDWXUH�VHOHFWLRQ��ZKLFK�LV�WR�VHOHFW�WKH�DSSURSULDWH�FKDUDFWHULVWLFV�RI�WKH�WDVN��FDOOHG

IHDWXUHV��VR�DV�WR�HQFRGH�DV�PXFK�LQIRUPDWLRQ�DV�SRVVLEOH��3UR[LPLW\�PHDVXUH�LV�WKH�QH[W�VWHS�

L�H�� ILQG� D� JRRG� PHDVXUHPHQW� WKDW� FDQ� EH� XVHG� WR� FRPSXWH� WKH� VLPLODULW\� RU� GLVVLPLODULW\

EHWZHHQ� DQ\� WZR� REMHFWV� LQ� WKH� FOXVWHULQJ� WDVN�� 'LIIHUHQW� FOXVWHULQJ� FULWHULD� ZLOO� UHVXOW� LQ

GLIIHUHQW� FOXVWHULQJ� RXWSXWV�� )RU� H[DPSOH�� ZH� FDQ� JURXS� PLFURRUJDQLVPV� LQWR� GLIIHUHQW

UHVXOWV� EDVHG� RQ� GLIIHUHQW� FOXVWHULQJ� FULWHULD�� VXFK� DV� QXWULWLRQDO� UHTXLUHPHQWV�� R[\JHQ

GHSHQGHQF\�� HWF��7KH� ILQDO� VWHS� UHIHUV� WR� WKH� FKRLFH� RI� D� VSHFLILF� DOJRULWKPLF� VFKHPH� WKDW

XQUDYHOV� WKH� FOXVWHULQJ� VWUXFWXUH�RI� WKH�GDWD� VHW� DIWHU� KDYLQJ� DGRSWHG� D� SUR[LPLW\�PHDVXUH

DQG�D�FOXVWHULQJ�FULWHULRQ�

feature
selection

proximity
measure

clustering
criterion

clustering
algorithm

         ),*85(������7KH�EDVLF�VWDJHV�LQYROYHG�LQ�WKH�GHVLJQ�RI�D�FOXVWHULQJ�WDVN
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$�IHDWXUH�PD\�WDNH�YDOXHV�IURP�D�FRQWLQXRXV�RU�D�GLVFUHWH�VHW��,I�ZH�UHSUHVHQW�REMHFWV

LQ�WKH�FOXVWHULQJ�WDVN�DV�IHDWXUH�YHFWRUV��ZH�DUH�DEOH�WR�YLHZ�WKH�VLPLODULW\�RI�GLVVLPLODULW\�DV

PDWKHPDWLFDO� IXQFWLRQ�� )RU� H[DPSOH�� WKH� ZHOO�NQRZQ� (XFOLGHDQ� GLVWDQFH� LV� D� GLVVLPLODULW\

PHDVXUH��$QRWKHU�LPSRUWDQW�GLVVLPLODULW\�PHDVXUH�LV�WKH�+DPPLQJ�GLVWDQFH��ZKLFK�ZH�XVHG�LQ

WKLV�SURMHFW��%HFDXVH�FOXVWHULQJ�DSSURDFKHV�DOORZ�XV�WR�GLVFRYHU�VLPLODULWLHV�DQG�GLIIHUHQFHV

DPRQJ�SDWWHUQV� DQG� WR� GHULYH� FRQFOXVLRQV� IRU� GHFLVLRQ�PDNLQJ� E\� JURXSLQJ� LQVWDQFHV� LQWR

GLIIHUHQW�FOXVWHUV�� WKH�DSSOLFDWLRQV�RI�FOXVWHULQJ�DOJRULWKPV�DUH�YHU\�EURDG��0DQ\�FOXVWHULQJ

DOJRULWKPV��HVSHFLDOO\�KLHUDUFKLFDO�FOXVWHULQJ�DOJRULWKPV��DUH�URXWLQHO\�DSSOLHG�LQ�OLIH�VFLHQFH�

PHGLFDO�VFLHQFH�DQG�VRFLDO�VFLHQFH� >�����@��5HFHQW�DGYDQFHV� LQ�'1$�VHTXHQFH�DQDO\VLV�DQG

'1$� PLFURDUUD\� WHFKQRORJ\� DUH� IRU� WKH� ILUVW� WLPH� RIIHULQJ� UHVHDUFKHUV� FRPSUHKHQVLYH

VQDSVKRWV� RI� FHOOV·� JHQHWLF� PHFKDQLVPV� >��@�� &OXVWHULQJ� KDV� EHFRPH� D� JHQHUDO� VWUDWHJ\� WR

H[WUDFW� XVHIXO� LQIRUPDWLRQ� IURP� PLFURDUUD\� GDWD�� VXFK� DV� SKHQRW\SH� FODVVLILFDWLRQ� >��@�

JHQHWLF�QHWZRUN�PRGHOLQJ�>��@�DQG�JHQH�H[SUHVVLRQ�DQDO\VLV�>�����@�

,Q� WKLV� UHVHDUFK� ZH� FKRVH� D� KLHUDUFKLFDO� FOXVWHULQJ� DOJRULWKP� �FRPPRQO\� XVHG� LQ

ELRORJLFDO� WD[RQRP\� DQG� RWKHU� ILHOGV� LQ�PRGHUQ� ELRORJ\�� WR� LGHQWLI\� KRPRJHQRXV� FOXVWHUV

�JURXSV��IURP�'1$�ILQJHUSULQWLQJ�ELQDU\�YHFWRUV��+LHUDUFKLFDO�FOXVWHULQJ�DOJRULWKPV�SURGXFH

D�KLHUDUFK\�RI�QHVWHG�FOXVWHULQJV��$�FOXVWHULQJ�5 � �FRQWDLQLQJ�N�FOXVWHUV�LV�VDLG�WR�EH�QHVWHG�LQ�WKH

FOXVWHULQJ�5 � ��ZKLFK�FRQWDLQV�U���N��FOXVWHUV��LI�HDFK�FOXVWHU�LQ�5 � LV�D�VXEVHW�RI�D�VHW�LQ�5 � �DQG

DW� OHDVW� RQH� FOXVWHU� RI� 5 � LV� D� SURSHU� VXEVHW� RI� 5 � �� )RU� H[DPSOH�� WKH� FOXVWHULQJ

5 �  ^^[ � �[ � `�^[ � `�^[ � �[ � ``�LV�QHVWHG�LQ�5 �  ^^[ � �[ � �[ � `�^[ � �[ � ``�>��@�

5HFDOO�WKH�GHILQLWLRQ�RI�GHQGURJUDP�WKDW�LV�GHULYHG�IURP�FOXVWHULQJ�SURFHVV�GLVFXVVHG

LQ�6HFWLRQ������$W�WKH�KLJKHVW� OHYHO��WKH�GDWD�DOO� OLH�LQ�RQH�FOXVWHU��$V�WKH�WUHH�EUDQFKHV�RXW�

FOXVWHUV� DUH� VXEGLYLGHG� LQWR� VPDOOHU� FOXVWHUV� LQ� VXFK� D�ZD\� WKDW� VLPLODU� GDWD� SRLQWV� UHPDLQ

WRJHWKHU�LQ�WKH�FOXVWHU�DQG�GLVVLPLODU�SRLQWV�DUH�VHSDUDWHG��,Q�WKLV�UHVHDUFK��ZH�VWDUW�ZLWK�HDFK



14

GDWXP� RI�;� �WKH� VHW� RI� ELQDU\� YHFWRUV�� LQ� LWV� RZQ� FOXVWHU� DQG� DJJORPHUDWH� WKH� FOXVWHUV� LQ

SDLUV��7KLV�SURFHGXUH�LV�FDWHJRUL]HG�DV�DQ�DJJORPHUDWLYH�KLHUDUFKLFDO�DOJRULWKP��(DFK�WLPH�D�SDLU�RI

FOXVWHUV� LV� PHUJHG� LQWR� RQH�� WKH� QXPEHU� RI� FOXVWHUV� LV� UHGXFHG� E\� RQH�� 7KH� ILQDO� FOXVWHU

FRQWDLQV�WKH�VLQJOH�VHW�;��WKDW�LV��WKH�LQLWLDO�VHW�RI�ELQDU\�YHFWRUV��7KHVH�DOJRULWKPV�LQYROYH�1

VWHSV��DV�PDQ\�DV�WKH�QXPEHU�RI�GDWD�YHFWRUV�

/HW�G�& � �&� ��EH�D�IXQFWLRQ�GHILQHG�WR�PHDVXUH�WKH�GLVWDQFH�EHWZHHQ�& � �DQG�&� � IRU�DOO

SRVVLEOH� SDLUV� RI� FOXVWHUV� RI� ;�� G�& � �&� �� ZLOO� EH� UHSUHVHQWHG� E\� HQWU\� �L�M�� LQ� D� GLVVLPLODULW\

PDWUL[�� /HW� W� GHQRWH� WKH� FXUUHQW� VWHS� RI� FOXVWHULQJ�� 7KH� JHQHUDO� DJJORPHUDWLYH� DOJRULWKP

�*$6��PD\�EH�VWDWHG�DV�IROORZV�

�� ,QLWLDOL]DWLRQ�

��� &KRRVH�5 �  ^& � ^[ �`��L ������1`�DV�WKH�LQLWLDO�FOXVWHULQJ�

��� W ��

�� 5HSHDW�

��� W W��

��� $PRQJ�DOO�SRVVLEOH�SDLUV�RI�FOXVWHUV��& � �& � ��LQ�5 � � � ILQG�WKH�RQH��VD\�& � �&� ��

VXFK�WKDW�G�& � �&� ��LV�PLQLPL]HG

��� 'HILQH�& �  & � �8�&� � DQG� SURGXFH� WKH� QHZ� FOXVWHULQJ�5 � �5 � 	 
 �^& � �& �`��8

^& � `�

�� 8QWLO�DOO�YHFWRUV�OLH�LQ�D�VLQJOH�FOXVWHU

,Q�WKLV�UHVHDUFK��VLQFH�ZH�DOUHDG\�EXLOW�D�GLVVLPLODULW\�PDWUL[��ZH�DGRSWHG�D�YHUVLRQ

RI�*$6��FDOOHG�WKH�0DWUL[�8SGDWLQJ�$OJRULWKPLF�6FKHPH� �08$6�� >��@��7KH� LQLWLDO� LQSXW� LV

WKH�1� [�1�GLVVLPLODULW\�PDWUL[�0 � � DQG�0 � ��0 
 �� �����0 
 � LV� D� VHULHV�RI�GLVWDQFH�PDWULFHV�ZLWK

HQWU\�L�M� � G�& � �&� ���:KHQ� WZR�FOXVWHUV�DUH�PHUJHG� LQWR�RQH�� WKH� VL]H�RI�PDWUL[�0 � �EHFRPHV

�1�W�� [� �1�W��� 7KH� PDWUL[� LV� XSGDWHG� DW� HDFK� VWHS� E\� �D�� GHOHWLQJ� WKH� URZV� DQG� FROXPQV
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FRUUHVSRQGLQJ� WR�PHUJHG�FOXVWHUV� DQG� �E�� DGGLQJ� LQ� D� URZ�DQG�FROXPQ�JLYLQJ� WKH�GLVWDQFH

EHWZHHQ�WKH�QHZ�FOXVWHU�DQG�WKH�UHPDLQLQJ�FOXVWHUV��7KH�WZR�FOXVWHUV�WR�EH�PHUJHG�DW�HDFK

VWHS� DUH� IRXQG�E\� VHDUFKLQJ� WKH�PDWUL[� IRU� WKH� VPDOOHVW� GLVWDQFH� EHWZHHQ� FOXVWHUV�� L�H�� WKH

PLQLPXP�RII�GLDJRQDO�HQWU\��7KH�08$6�FOXVWHULQJ�DOJRULWKP�FDQ�EH�IRUPXODWHG�DV�IROORZV�

�� ,QLWLDOL]DWLRQ�

��� 5 �  ^^[ �`�L ������1`�

��� 0 �
� ��  �G��& � �&� �

��� W ��

�� 5HSHDW�

��� W W��

��� )LQG�& � �&� �VXFK�WKDW�G�& � �&� � PLQ � � ��� 
�� � � � � ��G�& � �& � ���U�V�

��� 0HUJH�& � �&� �LQWR�D�VLQJOH�FOXVWHU�& � �DQG�IRUP�5 � �5 � � � �^& � �&� `��8�^& � `�

��� 8SGDWH�WKH�PDWUL[�0 � � � LQWR�0 � �LQ�HTXDWLRQ�������

�� 8QWLO�DOO�WKH�ELQDU\�YHFWRUV�OLH�LQ�WKH�VDPH�FOXVWHU�

7KH�ZHLJKWHG�SDLU�JURXS�PHWKRG�DYHUDJH��:3*0$��DOJRULWKP�LV�XVHG�WR�XSGDWH�WKH�PDWUL[

YDOXH� �WKH� GLVWDQFH� EHWZHHQ� HDFK� SDLU� RI� YHFWRUV��� ZKLFK� LV� REWDLQHG� DFFRUGLQJ� WR� WKH

IROORZLQJ�HTXDWLRQ�

7KXV�� LQ� WKLV� FDVH� WKH�GLVWDQFH�EHWZHHQ� WKH�QHZO\� IRUPHG� FOXVWHU�& � �DQG� DQ� ROG� RQH�& � � LV

GHILQHG�DV�WKH�DYHUDJH�RI�GLVWDQFH�EHWZHHQ�& � DQG�& � �DQG& � �DQG�& � ��

)1.2()).,(),((
2
1

)( sjsisq CCdCCdCCd +=
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��� �0LFURELDO�3RSXODWLRQ�'\QDPLFV

����������������$SSOLFDWLRQ� RI� G\QDPLFV� V\VWHP� DQDO\VLV� PHWKRGV� DQG� WKH� IRUPXODWLRQ� RI

PDWKHPDWLFDO� PRGHOV� DUH� SOD\LQJ� DQ� LQFUHDVLQJ� UROH� LQ� LQYHVWLJDWLQJ� FRPSOH[� ELRORJLFDO

V\VWHPV�� 7KH� EHKDYLRU� RI� WKH� ZKROH� V\VWHP� GHSHQGV� QRW� RQO\� RQ� WKH� EHKDYLRU� RI� WKH

LQGLYLGXDO�FRPSRQHQWV��EXW�DOVR�RQ�WKH�PDQQHU�RI�WKHLU�LQWHUDFWLRQV��9LHZLQJ�WKH�V\VWHP�DV

G\QDPLF�FDQ�UHIOHFW�WKH�UHDO�SURSHUW\�RI�WKH�V\VWHP��0LFURELDO�SRSXODWLRQ�G\QDPLFV�DQDO\VLV

LV� YHU\� LPSRUWDQW� IRU� XQGHUVWDQGLQJ� PLFURELDO� GLYHUVLW\� DQG� HYROXWLRQ� E\� PRGHOLQJ� DQG

LQYHVWLJDWLQJ�WKH�IOXFWXDWLRQV��SHUIRUPDQFH�DQG�GLVWULEXWLRQ�RI�GLIIHUHQW�FRPSRQHQWV� LQ� WKH

SRSXODWLRQ�� $OVR�� LW� LV� HVVHQWLDO� IRU� EHWWHU� FRQWURO� DQG� PDQDJHPHQW� RI� GLIIHUHQW

PLFURRUJDQLVPV�

�������1RUPDOO\� D� VLQJOH� SRSXODWLRQ� LV� UHIHUUHG� WR� DV� D� JURXS� RI� RUJDQLVPV� RI� RQH

VSHFLHV�� )RU� PLFURELDO� SRSXODWLRQV�� RQH� SRSXODWLRQ� PD\� UHIHU� WR� WKH� VDPH� VSHFLHV�� EXW

LQFOXGH�VHYHUDO�GLIIHUHQW�VWUDLQV��1RW�RQO\�GR�ZH�ZDQW�WR�NQRZ�VRPH�REYLRXV�IHDWXUHV�VXFK

DV�VL]H�� OLIH�F\FOH��DEXQGDQFH�DQG�JURZWK�IXQFWLRQ��EXW�ZH�DOVR�ZDQW� WR� OHDUQ�VRPHWKLQJ�RI

WKHLU� JHQHWLF�PDNHXS� DQG� SDWWHUQ� LQ� WKH� SRSXODWLRQ�� ,Q� WKLV� UHVSHFW�� SRSXODWLRQ� G\QDPLFV

GHDOV� ZLWK� WKH� VWXG\� RI� FKDQJHV� RI� LQGLYLGXDO� FRPSRQHQW� RI� WKH� SRSXODWLRQ�� WKH� IDFWRUV

LQIOXHQFLQJ� WKHVH� FKDQJHV�� DQG� WKH� LQWHUDFWLRQV� DPRQJ� WKHVH� LQGLYLGXDO� FRPSRQHQWV��6RPH

VDPSOH�TXHVWLRQV�WKDW�PD\�EH�DVNHG�LQ�PLFURELDO�SRSXODWLRQ�G\QDPLFV�VWXGLHV�DUH�

��� :KDW� LV� WKH� JHQHUDO� VWUXFWXUH� RI� WKLV� SDUWLFXODU� SRSXODWLRQ�� KRZ� PDQ\� LQGLYLGXDO

FRPSRQHQWV�H[LVW� LQ�WKLV�SRSXODWLRQ"�:KDW�LV�WKH�GHSHQGHQFH�RI� WKH�SRSXODWLRQ�RQ�FHUWDLQ

YDULDEOHV��VXFK�DV�WLPH��WHPSHUDWXUH��HWF�"

����:K\�DUH�VRPH�VWUDLQV�VFDUFH�DQG�RWKHUV�DEXQGDQW"�,V�DQ\�UHODWLRQVKLS�EHWZHHQ�GLIIHUHQW

VWUDLQV"
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����,V�DQ\�UDSLG�FKDQJH�LQ�DEXQGDQFH�RI�VRPH�VSHFLILF�VWUDLQV�GXH�WKH�LQWURGXFWLRQ�RI�H[WHUQDO

YDULDEOHV��VXFK�DV�VRPH�DQWLPLFURELDO�DJHQWV"

�����������)LJXUH������VKRZV�D�SRVVLEOH�VFHQDULR�RI�WKH�PLFURELDO�SRSXODWLRQ�G\QDPLFV�

a b u n d a n c e

tim e

“ g ro u p ”

)LJXUH� ���� ([DPSOH� RI� 0LFURELDO� 3RSXODWLRQ�� 7KH� DEXQGDQFH� RI� GLIIHUHQW� KRPRJHQRXV� JURXSV� LQ� WKH
SRSXODWLRQ�FKDQJHV�RYHU�WLPH��7R�PRGHO�VXFK�EHKDYLRU�DQG�SUHGLFW�WKH�IXWXUH�FKDQJH�LV�RQH�RI�WKH�PDLQ�JRDOV
IRU�PLFURELDO�SRSXODWLRQ�G\QDPLFV�DQDO\VLV�

������*HQHUDO�3RSXODWLRQ�'\QDPLFV�0RGHOV

0RGHOV� IRU� GHVFULELQJ� SDWWHUQV� RI� JURZWK� DQG� GHFOLQH� RU� GHFD\� LQ� ELRORJLFDO

SRSXODWLRQV� DQG� LQGLYLGXDO� RUJDQLVPV� KDV� UHFHLYHG� H[WHQVLYH� DWWHQWLRQ� LQ� SRSXODWLRQ

G\QDPLFV� UHVHDUFK��7UDGLWLRQDOO\�� WKHUH�DUH� WKUHH�GLIIHUHQW�FODVVHV�RI�PRGHOV�ZLGHO\�XVHG� LQ

UHVHDUFK�LQ�WHUPV�RI�GLIIHUHQW�UHVHDUFK�HPSKDVHV�DQG�PHWKRGV�>��@�

$���6HJUHJDWHG�YV��'LVWULEXWHG�0RGHOV

�����6LQFH� LQ� PLFURELDO� V\VWHPV� WKH� IXQFWLRQDO� XQLW� LV� JHQHUDOO\� WKH� LQGLYLGXDO� FHOO�� WKRVH

PDWKHPDWLFDO�PRGHOV�FRQVLGHULQJ�VXFK�VHJUHJDWLRQ�ZLWK�GLVFUHWH�XQLWV�RU�FHOOV�DUH�UHIHUUHG�WR
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DV�VHJUHJDWHG�PRGHOV��2Q�WKH�RWKHU�KDQG��PHDVXUHPHQW�RI�D�PLFURELDO�SRSXODWLRQ�EDVHG�RQ

VRPH� FRPSRQHQW� FRQFHQWUDWLRQV��ZKLFK� DUH� DVVXPHG� WR�EH� GLVWULEXWHG� XQLIRUPO\� RYHU� WKH

OLYLQJ�VSDFH��LV�UHIHUUHG�WR�DV�D�GLVWULEXWHG�PRGHO�

%���6WUXFWXUHG�YV��8QVWUXFWXUHG�0RGHOV

������$�VHFRQG�EDVLV�IRU�GLIIHUHQWLDWLQJ�PLFURELDO�PRGHOV�LV�EDVHG�RQ�ZKHWKHU�WKH\�SURYLGH�IRU

D� PHDVXUHPHQW� RI� WKH� SK\VLRORJ\� RU� VWUXFWXUH� RI� WKH� SRSXODWLRQ� >��������@�� 6WUXFWXUHG

PRGHOV� DVVXPH� WKDW� WKHUH� DUH� VWUXFWXUDO� GLIIHUHQFHV� EHWZHHQ� VLPLODU� FHOOV�� ZKLOH� WKH

XQVWUXFWXUHG� PRGHOV� LJQRUH� VXFK� GLIIHUHQFHV� DQG� DVVXPH� WKDW� WKH� ELRORJLFDO� SRSXODWLRQ

UHVSRQGV� LPPHGLDWHO\� WR� HQYLURQPHQWDO� FKDQJHV�� 7KH� VWUXFWXUHG� PRGHO� LV� PXFK� PRUH

FRPSOLFDWHG�DQG�GLIILFXOW�WR�XVH�WKDQ�WKH�XQVWUXFWXUHG�PRGHO��DOWKRXJK�WKH�VWUXFWXUHG�PRGHO

FDQ�EHWWHU�UHSUHVHQW�WKH�UHDO�ZRUOG�

&����'HWHUPLQLVWLF�DQG�6WRFKDVWLF�0RGHOV

�������'HWHUPLQLVWLF� PRGHOV� SUHGLFW� D� GLUHFW� FDXVH�DQG�HIIHFW� UHODWLRQVKLS�� ZKLOH� VWRFKDVWLF

PRGHOV�GHDO�ZLWK�UDQGRPQHVV�EDVHG�RQ�SUREDELOLW\��0RVW�VLPSOH�PRGHOV�DUH�GHWHUPLQLVWLF�

��7KH�FKRLFH�RI�WKH�W\SH�RI�WKH�PRGHO�LV�D�WUDGHRII�EHWZHHQ�PRUH�UHDOLVWLF�PRGHOLQJ

DQG�HDV\�PDWKHPDWLFDO�UHSUHVHQWDWLRQ��$OWKRXJK�UHDO�SRSXODWLRQV�DQG�LQGLYLGXDOV�DUH�VXEMHFW

WR�UDQGRP�LQIOXHQFH��VLPSOLI\LQJ�WKH�VLWXDWLRQ�DQG�LJQRULQJ�VRPH�FRPSOLFDWLRQ�LV�DOZD\V�WKH

QRUPDO�VWDUWLQJ�SRLQW���([SRQHQWLDO�JURZWK�DQG�GHFOLQH�DUH�WKH�EDVLF�PRGHOV�IRU�GHVFULELQJ

WKH�FKDQJH�LQ�VL]H�RI�ELRORJLFDO�SRSXODWLRQV��3RSXODWLRQ�G\QDPLFV�FDQ�EH�GHVFULEHG�HLWKHU�LQ

WHUPV�RI�GLVFUHWH� WLPH�RU� LQ� WHUPV�RI� FRQWLQXRXV� WLPH�� ,Q� D�PLFURELDO� SRSXODWLRQ�� FKDQJHV

DSSHDU�LQ�FRQWLQXRXV�WLPH��)RU�H[DPSOH��WKH�EDFWHULXP�(VFKHULFKLD�&ROL��DQ�LQKDELWDQW�RI�WKH

KXPDQ� LQWHVWLQH�� LV�FDSDEOH�RI�YHU\�IDVW�JURZWK�WKURXJK�FHOO�GLYLVLRQ�RU�ILVVLRQ��ZKLFK�PD\

LQYROYH�PLOOLRQV�RI�FHOOV��+RZHYHU��WKRVH�WZR�DSSURDFKHV�DUH�LQWHUFKDQJHEOH�VLPSO\�E\�VRPH

PDWKHPDWLFDO� WUDQVIRUPDWLRQ�� VXFK� DV� D� /DSODFH� WUDQVIRUP� >��@�� %DVHG� RQ� WKH� FRQWLQXRXV



19

WLPH� PRGHO�� VXFFHVVLYH� PLFURELDO� SRSXODWLRQ� VL]HV� RYHU� D� VPDOO� LQFUHPHQW� RI� WLPH� DUH

UHSUHVHQWHG�DV�

DQG�WKH�JURZWK�LQFUHPHQW�FDQ�EH�GHULYHG�DV�

ZKHUH� � LV� UHIHUUHG� WR� DV� WKH� UDWH� FRQVWDQW� RI� JURZWK� RU� UHODWLYH� JURZWK� UDWH�� %\

PDWKHPDWLFDOO\�VROYLQJ�WKH�GLIIHUHQWLDO�HTXDWLRQ��WKH�H[SRQHQWLDO�JURZWK�IXQFWLRQ�LV�REWDLQHG

DV�

ZKHUH��6����LV�WKH�SRSXODWLRQ�VL]H�DW�WLPH�W ���7KH�LPSRUWDQW�SURSHUW\�RI�H[SRQHQWLDO�JURZWK

LV�WKDW�WKH�ORJDULWKP�RI�SRSXODWLRQ�VL]H�LQFUHDVHV�DV�D�VWUDLJKW�OLQH�ZLWK�VORSH�HTXDO�WR�WKH�UDWH

FRQVWDQW�

,)()( StSttS ∆+=∆+

,tSS ∆=∆ η

,)0()( teStS η=
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)LJXUHV�����([DPSOHV�RI�H[SRQHQWLDO�JURZWK�LQ�FRQWLQXRXV�WLPH�IRU�GLIIHUHQW�YDOXHV�RI�WKH�UDWH�FRQVWDQW�DQG
LQLWLDO�SRSXODWLRQ�VL]H��+HUH�6��� ���DQG�U �����ERWWRP������������������DQG�������WRS�

�,W�LV�ZHOO�NQRZQ�WKDW�DQ\�SRSXODWLRQ�LQFUHDVH�FDQQRW�FRQWLQXH�LQGHILQLWHO\��7KHUH�LV

DQ�XSSHU�ERXQG�RQ�WKH�PD[LPXP�SRSXODWLRQ�GHQVLW\�EHFDXVH�RI�VKRUWDJH�RI�UHVRXUFHV�DQG

ODFN�RI�VSDFH��ZKLFK�PD\�EH�IXUWKHU�H[DFHUEDWHG�E\�LQFUHDVHG�FRPSHWLWLRQ��(YHQWXDOO\��WKHVH

HQYLURQPHQWDO�FKDQJHV�PD\�SUHYHQW�SRSXODWLRQ�JURZWK�EHFDXVH�RI� LQFUHDVHG�PRUWDOLW\� UDWH

RU� UHGXFHG� UHSURGXFWLRQ� UDWH�� 7KHUH� ZLOO� EH� QR� SRVVLEOH� IXUWKHU� LQFUHDVH� ZKHQHYHU� WKH

QXPEHUV�UHDFK�D�VDWXUDWLRQ�SRLQW��7KH�LGHD�RI�OLPLWHG�SRSXODWLRQ�JURZWK�ZDV�IRUPXODWHG�E\

7�5�0DOWKXV�LQ�������/DWHU��LQ������&KDUOHV�'DUZLQ�DGRSWHG�WKLV�LPSRUWDQW�LGHD�WR�GHYHORS

KLV�IDPRXV�WKHRU\�RI�HYROXWLRQ�WKURXJK�QDWXUDO�VHOHFWLRQ�>��@��7KH�FKDUDFWHULVWLF�RI� OLPLWHG

SRSXODWLRQ� JURZWK� LV� WKDW� D� UHODWLYH� JURZWK� UDWH� LV� QRW� FRQVWDQW� EXW� GHFUHDVHV� DV� WKH

SRSXODWLRQ�VL]H�LQFUHDVHV��$V�D�JHQHULF�SURSHUW\��PRVW�PLFURELDO�JURZWK�FXUYHV�FDQ�EH�VLPSO\

FKDUDFWHUL]HG�E\�WKH�IROORZLQJ�WKUHH�IHDWXUHV��WKH�PD[LPXP�VSHFLILF�JURZWK�UDWH� � ����� ��WKH�ODJ

WLPH� �� DQG� WKH� DV\PSWRWLF� YDOXH�$��$PRQJ� WKHVH�PRGHOV�� D� SDUWLFXODU� FDVH� LV� WKH� ORJLVWLF

Example of exponential growth
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PRGHO��ZKLFK�KDV�EHHQ�ZLGHO\� DSSOLHG� LQ� WKHRUHWLFDO� DQG�H[SHULPHQWDO� VWXG\�RI�SRSXODWLRQ

JURZWK��0LFURELDO�JURZWK�FDQ�EH�PRGHOHG�DV�D�IXQFWLRQ�RI�VRPH�YDULDEOHV��VXFK�DV�WLPH�DQG

WHPSHUDWXUH��,Q�WKH�FDVH�RI�WLPH�IXQFWLRQ��LI�WKH�ORJDULWKP�RI�WKH�UHODWLYH�SRSXODWLRQ�VL]H�LV

GHILQHG�DV�D�IXQFWLRQ�RI�WLPH�W��WKHQ�WKH�W\SLFDO�VLJPRLGDO�RU�6�VKDSHG�FXUYH�LV�REWDLQHG�

7KH� VLPSOHVW� FDVH� LV� WKH� ORJLVWLF� PRGHO� LQ� ZKLFK� WKH� UHODWLYH� JURZWK� UDWH� GHFOLQHV

OLQHDUO\�ZLWK�SRSXODWLRQ�VL]H�VR�WKDW�WKH�UDWH�FKDQJH�RI�SRSXODWLRQ�VL]H�LV�WKHQ�JLYHQ�E\�WKH

GLIIHUHQWLDO�HTXDWLRQ�

7KH�SDUDPHWHU� �LV�UHIHUUHG�WR�DV�WKH�LQLWLDO�UHODWLYH�JURZWK�UDWH��ZKLFK�FDQ�EH�DOVR�WKRXJKW�RI

DV�WKH�UDWH�FRQVWDQW�IRU�WKH�SRWHQWLDO�H[SRQHQWLDO�JURZWK�RI�WKH�SRSXODWLRQ��7KH�SDUDPHWHU�

LV�FDOOHG�WKH�FDUU\LQJ�FDSDFLW\�RU�HTXLOLEULXP�OHYHO��:KHQ�WKH�SRSXODWLRQ�VL]H�UHDFKHV� ��WKH

JURZWK�UDWH�LV�]HUR�DQG�WKH�SRSXODWLRQ�UHPDLQV�DW�WKLV�OHYHO��6ROYLQJ�WKH�GLIIHUHQWLDO�HTXDWLRQ

JLYHV�WKH�ORJLVWLF�HTXDWLRQ�IRU�SRSXODWLRQ�JURZWK�

ZKHUH�K�LV�WKH�WLPH�DW�ZKLFK�WKH�SRSXODWLRQ�UHDFKHV�KDOI�WKH�FDUU\LQJ�FDSDFLW\�

7KH� WHPSHUDWXUH� LV� DOVR� YHU\� LPSRUWDQW� IDFWRU� IRU�PLFURELDO� JURZWK��0DQ\�PRGHOV

KDYH�DOUHDG\�EHHQ�GHYHORSHG��VXFK�DV�WKH�JURZWK�WHPSHUDWXUH�PRGHO�ZLWK�WKH�HTXDWLRQ�
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ZKHUH�E 
 �LV�D�SDUDPHWHU�DQG�7 � � � �LV�WKH�WKHRUHWLFDO�PLQLPXP�WHPSHUDWXUH�>��@��$QRWKHU�PRGHO

LV�WKH�ODJ�WLPH�WHPSHUDWXUH�PRGHO�ZLWK�D�K\SHUEROLF�IXQFWLRQ�

ZKHUH�S�DQG�T�DUH�WZR�SDUDPHWHUV�DQG�7�LV�WKH�WLPH�>��@�

%HFDXVH�PLFURRUJDQLVP�JURZWK�LV�LQIOXHQFHG�E\�PDQ\�HQYLURQPHQWDO�IDFWRUV�VXFK�DV

WHPSHUDWXUH� DQG�S+�� WKH�JURZWK�PRGHO�SDUDPHWHUV� DUH� FRPPRQO\�GHWHUPLQHG�E\�PXOWLSOH

OLQHDU�UHJUHVVLRQ��+RZHYHU��JURZWK�PRGHOV�DUH�DOZD\V�XQGHU�FRQVLGHUDEOH�GHEDWH�EHFDXVH�RI

WKH� LQKHUHQW� FRPSOH[LW\�� 7KRVH� HQYLURQPHQWDO� DV� ZHOO� DV� ELRORJLFDO� IDFWRUV� PD\� EH

SRSXODWLRQ� GHQVLW\�GHSHQGHQW�� RU� LQYHUVH� WR� SRSXODWLRQ� GHQVLW\�� RU� PD\� EH� SRSXODWLRQ

GHQVLW\�LQGHSHQGHQW�� $V� D� FRQVHTXHQFH�� PDQ\� SRSXODWLRQV� DUH� VXEMHFW� WR� FRQVLGHUDEOH

IOXFWXDWLRQ� LQ� DEXQGDQFH�� 6RPH� DUH� FKDQJLQJ� UDSLGO\�� VRPH� VORZO\�� VRPH� VWULNLQJO\�� VRPH

UDWKHU� OLWWOH�� 6RPHWLPHV�� RQH� SDUWLFXODU� IDFWRU� FDQ� EH� LGHQWLILHG� DV� WKH� FKLHI� FDXVH� RI� WKH

IOXFWXDWLRQ�� )XUWKHUPRUH�� VRPH� HIIHFWV� DUH� GLUHFW�� ZKLOH� RWKHUV� DUH� LQGLUHFW�� )RU� H[DPSOH�

DQWLELRWLFV� PD\� GLUHFWO\� LPSDFW� FHUWDLQ� EDFWHULD� E\� NLOOLQJ� VRPH� RI� WKHP�� RU� LW� PD\� DIIHFW

RWKHUV�EHFDXVH�RI� WKH�FHUWDLQ� FRH[LVWLQJ�EDFWHULD�NLOOHG�E\� WKH� DQWLELRWLF�RU� MXVW� EHFDXVH�RI

VRPH�FKDQJHV�LQ�WKH�HQYLURQPHQW�

$QRWKHU� LPSRUWDQW� IHDWXUH� LQ� PLFURELDO� SRSXODWLRQ� G\QDPLFV� LV� SRSXODWLRQ

LQWHUDFWLRQ��ZKLFK� LV� EDVHG�RQ� WKH� LQIOXHQFHV�RI� LQGLYLGXDOV� RU� JURXSV�ZLWKLQ� D� SRSXODWLRQ

�LQWUDVSHFLILF��� DQG� RQ� WKH� LQIOXHQFHV� RI� SRSXODWLRQV� RI� GLIIHUHQW� VSHFLHV� �LQWHUVSHFLILF��

'HHSO\� XQGHUVWDQGLQJ� WKH� LQWHUDFWLRQ� UHODWLRQVKLSV� DPRQJ� GLIIHUHQW� PLFURELDO� SRSXODWLRQ

FRPSRQHQWV�LV�WKH�NH\�WR�PRGHOLQJ�DQG�SUHGLFWLQJ�WKH�FKDQJHV�DQG�GLVWULEXWLRQ�RI�WKH�ZKROH

),( min1max TTb −=µ
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SRSXODWLRQ�� $OVR�� LW� LV� WKH� NH\� WR� UHDOL]LQJ� WKH� IXQFWLRQDO� GHSHQGHQF\� EHWZHHQ� GLIIHUHQW

SRSXODWLRQ�HOHPHQWV��,W�DOVR�SURYLGHV�D�QHZ�ZD\�WR�PRQLWRU�DQG�FRQWURO�LQWHUHVWHG�LQGLYLGXDO

VWUDLQV� LQ� WKH� SRSXODWLRQ�� %HFDXVH� RI� WKDW�� WKH� UHDOP� RI� PLFURELDO� SRSXODWLRQ� G\QDPLFV

PRGHOLQJ� KDV� EHHQ� H[WHQGHG� WR� PXFK� PRUH� FRPSOH[� V\VWHPV� DQG� ZLWK� D� ZLGH� UDQJH� RI

HQYLURQPHQWDO� FRQGLWLRQV�� ,Q� WKHVH� VLWXDWLRQV��PDQ\�EDVLF�PRGHOLQJ� DSSURDFKHV� DUH� MRLQHG

WRJHWKHU�WR�IRUP�D�YHU\�ODUJH�DQG�FRPSOH[�V\VWHP�

������&XUUHQW�7UHQGV�RI�0LFURELDO�3RSXODWLRQ�'\QDPLFV�$QDO\VLV

2WKHU�VLJQLILFDQW�LPSDFWV�RQ�PLFURELDO�SRSXODWLRQ�G\QDPLFV�UHVHDUFK�LQ�UHFHQW�\HDUV

FDPH�IURP�WKH�IDVW�GHYHORSPHQW�RI�PROHFXODU�WRROV��ZKLFK�GUDPDWLFDOO\�FKDQJH�WKH�IRFXV�RI

WKH�UHVHDUFK��7UDGLWLRQDOO\��DV�GLVFXVVHG�DERYH��PDQ\�PLFURELDO�SRSXODWLRQ�G\QDPLFV�VWXGLHV

IRFXVHG� RQ� PRGHOLQJ� DQG� SUHGLFWLQJ� JURZWK� G\QDPLFV� LQ� WHUPV� RI� ELRORJLFDO� RU

HQYLURQPHQWDO� YDULDEOHV� VXFK� DV� WLPH�� WHPSHUDWXUH�� QXWULHQWV�� HWF�� /LWWOH� UHVHDUFK� KDV� EHHQ

GRQH�DW�WKH�JHQH�OHYHO��VXFK�DV�WKH�FKDQJHV�RI�D�PLFURELDO�JHQRW\SH�RYHU�D�SHULRG�RI�WLPH��WKH

LQWHUDFWLRQ� UHODWLRQVKLS� DPRQJ� JHQRW\SHV� LQ� WKH� VDPH� SRSXODWLRQ�� DQG� WKH� FKDQJHV� RI

PLFURELDO�JHQRW\SH�RYHU�VRPH�LQWURGXFHG�YDULDEOHV�VXFK�DV�DQWLPLFURELDO�DJHQWV��7KH�UHDVRQ

PD\� FRPH� IURP� VHYHUDO� DVSHFWV�� )LUVW�� WUDGLWLRQDO� LGHQWLILFDWLRQ� RI� PLFURELDO� JHQRW\SH� RU

VWUDLQ�LQYROYHV�D�SURFHVV�RI�LVRODWLRQ�DQG�FXOWXUH��ZKLFK�LV�QRW�RQO\�WLPH�FRQVXPLQJ��EXW�DOVR

VRPHWLPHV�LW�LV�LPSRVVLEOH�WR�FXOWXUH�FHUWDLQ�PLFURRUJDQLVPV��7KH�IDFW�LV�WKDW�OHVV�WKDQ����RI

PLFURELDO�GLYHUVLW\�KDV�EHHQ�FXOWXUHG�LQ�WKH�ODERUDWRU\��:LWKRXW�NQRZLQJ�WKH�H[DFW�PLFURELDO

JHQRW\SH�RU�VWUDLQ��ZH�FDQQRW�JR�IXUWKHU�WR�LQYHVWLJDWH�WKHLU�UHODWLRQVKLS�LQ�WKH�SRSXODWLRQ�DW

WKH�JHQRPH�OHYHO��6HFRQG��DOWKRXJK�VRPH�DSSURDFKHV�KDYH�EHHQ�WULHG�LQ�GLIIHUHQW�VLWXDWLRQV�

WKHUH� LV� VWLOO� FRQWURYHUV\� EHFDXVH� RI� WKH� LQKHUHQW� FRPSOH[LW\� RI� VXFK� V\VWHPV�� 0ROHFXODU

ELRORJLVWV� FUHDWHG� D� UHYROXWLRQ� E\� LQWURGXFLQJ� WHFKQLTXHV� VXFK� DV� 3&5� �3RO\PHUDVH�&KDLQ

5HDFWLRQ��� ILQJHUSULQWLQJ�� HWF��� WR� LGHQWLI\�PLFUREHV�� � %\� DSSO\LQJ� WHFKQLTXHV� RI� PROHFXODU
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ELRORJ\� DQG� SK\ORJHQHWLF� DQDO\VLV� RI� '1$� RU� 51$� VHTXHQFHV�� ZH� FDQ� FLUFXPYHQW� WKH

UHTXLUHPHQW� IRU� FXOWLYDWLRQ� RI� WKH� PLFURELDO� GLYHUVLW\� DQG� ZH� DUH� DEOH� WR� LQYHVWLJDWH

SRSXODWLRQ�G\QDPLFV�GLUHFWO\�DW�WKH�PROHFXODU� OHYHO�E\�JHQRW\SLQJ�>�����@��:H�DUH�DOVR�DEOH

WR�FOXVWHU�VLPLODU�'1$�VHTXHQFHV�LQWR�KRPRJHQRXV�JURXSV�DQG�VWXG\�WKH�SDWWHUQV�RI�WKRVH

JURXSV
� GLVWULEXWLRQ� LQ� QDWXUH� E\� H[DPLQLQJ� FKDQJHV� RI� WKH� JHQRPLF� FRQWHQW� DQG

FRUUHVSRQGLQJ�KRPRJHQRXV�JURXSV�LQ�WKH�SRSXODWLRQ��6XFK�SRSXODWLRQ�G\QDPLFV�GHSHQG�RQ

QRW� RQO\� LQGLYLGXDO� JURZWK� DQG� GHFOLQH�� EXW� DOVR� LQYROYH� JHQH� WUDQVIHU�� PXWDWLRQ� DQG

VHOHFWLRQ�

$W�WKH�VDPH�WLPH��EHFDXVH�RI�WKH�GHYHORSPHQW�RI�FRPSXWHU�VFLHQFH�DQG�WHFKQRORJ\�

UHVHDUFKHUV�QRZ�DUH�DEOH�WR�DQDO\]H�PRUH�GDWD�WKDQ�HYHU�EHIRUH��ZKLFK�DOORZV�XV�WR�FRQVLGHU

DQG� PRGHO� ELRORJLFDO� V\VWHPV� LQ� PRUH� FRPSOH[� ZD\V�� 6XFK� WHQGHQFLHV� ZLOO� OHDG� WR� PRUH

DFFXUDFWH�PRGHOV��0LFURELDO�SRSXODWLRQ�G\QDPLFV�DQDO\VLV�QRZ�H[WHQGV�WR�QHDUO\�HYHU\�OHYHO�

IRU�H[DPSOH��WKH�JHQRPH�OHYHO��ZKLFK�FDQ�EH�DSSOLHG�WR�'1$�SRO\PRUSKLVP�PRGHOLQJ�DQG

PROHFXODU�HYROXWLRQ�>��@�DQG�WKH�FHOOXODU�OHYHO��ZKLFK�FDQ�EH�XVHG�WR�PRGHO�FHOO�GLYLVLRQ�DQG

EUDQFKLQJ�SURFHVVHV�>��@��1HYHUWKHOHVV��PLFURELDO�SRSXODWLRQ�G\QDPLFV�DQDO\VLV�LV�YHU\�EURDG

ILHOG�DQG�PDQ\�PRUH�PRGHOV�DQG�DOJRULWKPV�ZLOO�EH�DSSOLHG�LQ�RUGHU�IRU�EHWWHU�XQGHUVWDQGLQJ

WKH�XQGHUO\LQJ�PHFKDQLVP�DQG�FKDUDFWHULVWLFV�
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&KDSWHU���'DWD�$QDO\VLV�$SSURDFKHV

,Q� WKLV� FKDSWHU�� ZH� ZLOO� WDON� DERXW� WZR� DSSURDFKHV� DSSOLHG� LQ� WKLV� UHVHDUFK� RQ

DUWLILFLDO�DEXQGDQFH�GDWD��)LUVW��ZH�ZLOO�GLVFXVV�WKH�VWDQGDUG�OLQHDU�UHJUHVVLRQ�PHWKRG��ZKLFK

LV� WR� ILW� D� VWUDLJKW� OLQH� WR� WKH� GDWD� WR� PLQLPL]H� VTXDUHG� HUURU�� :H� DOVR� WDON� DERXW� WKH

LPSRUWDQFH�RI�GDWD� WUDQVIRUPDWLRQ�RQ�VRPH�GDWD� WR� ILQG� WKH�SRVVLEOH� UHODWLRQVKLS�EHWZHHQ

DEXQGDQFH� GDWD� DQG� WLPH� SRLQWV�� 7KHQ� ZH� ZLOO� GHVFULEH� WKH� JHQHUDO� LGHD� RI� WKH� RQ�OLQH

JUDGLHQW�GHVFHQW��*'��DOJRULWKP�DQG�KRZ�*'�LV�LQFRUSRUDWHG�LQWR�WKLV�UHVHDUFK�WR�ILQG�WKH

EHVW�UHJUHVVRU�EDVHG�RQ�RXU�DUWLILFLDO�DEXQGDQFH�GDWD�PRGHO�

������/LQHDU�5HJUHVVLRQ�$QDO\VLV

2EVHUYDWLRQV�RQ�ELRORJLFDO�SRSXODWLRQV�DQG�SURFHVVHV�RIWHQ�LQYROYH�VRPH�GHJUHH�RI

UDQGRP�YDULDWLRQ��7KLV�YDULDELOLW\�WHQGV�WR�REVFXUH�UHDO�GLIIHUHQFHV��6RPH�VWDWLVWLFDO�PHWKRGV

FRPSDULQJ� SRSXODWLRQ� SDUDPHWHUV� VXFK� DV� WKH� PHDQ� DQG� YDULDQFH� DUH� W\SLFDOO\� WKH� ILUVW

DSSURDFK�WR�GHWHFW�GLIIHUHQFHV�DPRQJ�WKH�UDQGRP�VDPSOHV��5HJUHVVLRQ�LV�D�URXWLQH�VWDWLVWLFDO

PHWKRG�IRU�ILQGLQJ�WKH�UHODWLRQVKLS�DPRQJ�GLIIHUHQW�YDULDEOHV�LQ�WKH�V\VWHP��5HJUHVVLRQ�LV�D

WHFKQLTXH�IRU�GHVFULELQJ�KRZ�RQH�YDULDEOH�YDULHV�ZLWK�WKH�YDOXHV�RI�RWKHU�YDULDEOHV��:KDW�ZH

VHHN�WR�GHILQH�LV�ZKDW�LV�FRPPRQO\�WHUPHG�WKH��EHVW�ILW��OLQH�WKURXJK�WKH�GDWD��7KH�FULWHULRQ

IRU��EHVW�ILW��WKDW�LV�JHQHUDOO\�HPSOR\HG�XWLOL]HV�WKH�FRQFHSW�RI�OHDVW�VTXDUH�HUURU�

/HW�XV�WHQWDWLYHO\�DVVXPH�WKDW�WKH�UHJUHVVLRQ�OLQH�RI�YDULDEOH�<�RQ�YDULDEOH�;�KDV�WKH

IRUP� � �� � ;��7KHQ�ZH�FDQ�ZULWH�WKH�OLQHDU��ILUVW�RUGHU�PRGHO

7KDW�LV��IRU�D�JLYHQ�;��D�FRUUHVSRQGLQJ�REVHUYDWLRQ�<�FRQVLVWV�RI�WKH�YDOXH� � �� � ;�SOXV�DQ

DPRXQW� ��WKH�LQFUHPHQW�E\�ZKLFK�DQ\�LQGLYLGXDO�<�PD\�IDOO�RII�WKH�UHJUHVVLRQ�OLQH��$OWKRXJK

� ��� � DQG� �DUH�XQNQRZQ�DQG�LQ�IDFW� �ZRXOG�EH�YHU\�GLIILFXOW�WR�GLVFRYHU�VLQFH�LW�FKDQJHV�IRU

.10 εββ ++= XY
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HDFK�REVHUYDWLRQ�<��+RZHYHU��ZH�FDQ�GHULYH�WKH�HVWLPDWHV�E � �DQG�E � �RI� � DQG� � ��7KXV�ZH�FDQ

ZULWH

ZKHUH�<
�GHQRWHV� WKH�SUHGLFWHG�YDOXH�RI�<� IRU� D� JLYHQ�;��ZKHQ�E � � DQG�E � � DUH�GHWHUPLQHG�

6XSSRVH�ZH�KDYH�Q�VHWV�RI�REVHUYDWLRQV��; � ��< � ��� �; � ��< � ��� ����DQG��; � ��< � ��� WKHQ�WKH�VXP�RI

VTXDUHV�RI�GHYLDWLRQ�IURP�WKH�WUXH�OLQH�LV

6� LV�DOVR�FDOOHG� WKH� VXP� RI� VTXDUH� IXQFWLRQ��:H� VKDOO�FKRRVH� WKH�HVWLPDWHV�E � � DQG�E � � WR�EH� WKH

YDOXHV�WKDW��ZKHQ�VXEVWLWXWHG�IRU� � DQG� � ��SURGXFH�WKH�OHDVW�VTXDUH�SRVVLEOH�YDOXH�RI�6��:H

FDQ�GHWHUPLQH�WKH�E � �DQG�E � �E\�GLIIHUHQWLDWLQJ�6�ILUVW�ZLWK�UHVSHFW�WR� � DQG�WKHQ�ZLWK�UHVSHFW

WR� � �DQG�VHWWLQJ�WKH�UHVXOWV�HTXDO�WR�]HUR��6R�WKH�HVWLPDWHV�E � �DQG�E � �DUH�VROXWLRQV�RI�WKH�WZR

HTXDWLRQV

�����������$� VWUDLJKW� OLQH� UHODWLRQVKLS� PD\� DOVR� EH� YDOXDEOH� HYHQ� ZKHQ� ZH� NQRZ� WKDW� VXFK� D

UHODWLRQVKLS� FDQQRW� EH� WUXH�� EHFDXVH� D� VWUDLJKW� OLQH� UHODWLRQVKLS�PLJKW� SURYLGH� D� SHUIHFWO\

DGHTXDWH�UHSUHVHQWDWLRQ�LQ�VRPH�UDQJH��+RZHYHU��WKH�UHODWLRQVKLS�FRXOG�EH�XVHG�IRU�SUHGLFWLYH

SXUSRVHV�RXWVLGH�WKH�UDQJH�

$QRWKHU�LPSRUWDQW�LVVXH�LV�KRZ�WR�PHDVXUH�WKH�DVVRFLDWLRQ�EHWZHHQ�YDULDEOHV�WKDW�DUH

RUGLQDO�RU�FRQWLQXRXV��7KH�ZLGHO\�XVHG�PHDVXUH�LV�WKH�OLQHDU�FRUUHODWLRQ�FRHIILFLHQW��)RU�SDLUV
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RI� TXDQWLWLHV� �[ � �\ � ��� L ��«��1�� WKH� OLQHDU� FRUUHODWLRQ� FRHIILFLHQW� U� �DOVR� FDOOHG� WKH� SURGXFW�

PRPHQW�FRUUHODWLRQ�FRHIILFLHQW��RU�3HDUVRQ·V�U��LV�JLYHQ�E\�WKH�IRUPXOD
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ZKHUH� x �LV�WKH�PHDQ�RI�WKH�[ � ·V�DQG� y �LV�WKH�PHDQ�RI�WKH�\ � ·V�

7KH� YDOXH� RI� U� UDQJHV� IURP� ²�� WR� ��� LQFOXVLYHO\��:KHQ� U� � ��� LW� PHDQV� FRPSOHWH

SRVLWLYH�FRUUHODWLRQ�ZLWK�GDWD�SRLQWV�O\LQJ�RQ�D�SHUIHFW�VWUDLJKW�OLQH�ZLWK�SRVLWLYH�VORSH��ZLWK

[�DQG�\�LQFUHDVLQJ�WRJHWKHU��:KHQ�U� �²���LW�PHDQV�FRPSOHWH�QHJDWLYH�FRUUHODWLRQ�ZLWK�GDWD

SRLQWV�O\LQJ�RQ�D�SHUIHFW�VWUDLJKW�OLQH�ZLWK�QHJDWLYH�VORSH��ZLWK�\�GHFUHDVLQJ�DV�[�LQFUHDVHV��$

YDOXH�RI�U�QHDU�]HUR�LQGLFDWHV�WKDW�WKH�YDULDEOHV�[�DQG�\�DUH�XQFRUUHODWHG�

,Q� WKLV� UHVHDUFK�� ZH� ZDQW� WR� HYDOXDWH� KRZ� WKH� VWDQGDUG� OLQHDU� UHJHVVLRQ� DQG� WKH

JUDGLHQW� GHVFHQW� DOJRULWKPV� �GHVFULEHG� EHORZ�� SHUIRUP� RQ� DUWLILFLDO� GDWD� JHQHUDWHG� E\� WKH

H[SRQHQWLDO�JURZWK�PRGHO��,W�LV�NQRZQ�LI�ZH�MXVW�XVH�WKH�RULJLQDO�DEXQGDQFH�GDWD��ZH�ZRQ
W

EH�DEOH�WR�ILQG�D�OLQH�WR�ILW�WKH�GDWD��%HFDXVH�RI�WKLV�IDFW��ZH�XVH�OQ�<��WKH�QDWXUDO�ORJDULWKP�RI

<��ORJDULWKP�WR�WKH�EDVH�H��RU�OQ��LQVWHDG�RI�<��%\�VXFK�WUDQVIRUPDWLRQ��ZH�PLJKW�ILQG�WKDW�D

VLPSOHU� SODQDU� HTXDWLRQ� JLYHV� D� EHWWHU�� DV� JRRG�� RU� DOPRVW� DV� JRRG� DQ� H[SODQDWLRQ� RI� WKH

UHODWLRQVKLS�EHWZHHQ�WKH�DEXQGDQFH�GDWD�DQG�WLPH�SRLQW�

��� *UDGLHQW�'HVFHQW�IRU�)LQGLQJ�WKH�%HVW�5HJUHVVRU

����������,Q�DGGLWLRQ� WR� WKH� UHJXODU� UHJUHVVLRQ� DQDO\VLV� EDVHG�RQ� OHDVW� VTXDUHV� WKHRU\�� VHYHUDO

PDFKLQH�OHDUQLQJ�DOJRULWKPV�VXFK�DV�WKH�*UDGLHQW�'HVFHQW��*'��DOJRULWKP��WKH�1RUPDOL]HG

([SRQHQWLDWHG� *UDGLHQW� �(*�� DOJRULWKP� DQG� WKH� 8Q�QRUPDOL]HG� ([SRQHQWLDO� *UDGLHQW

�(*8��DOJRULWKP�FDQ�EH�DSSOLHG�WR�ILQG�WKH�EHVW�UHJUHVVRU�>��@��7KRVH�DOJRULWKPV�DUH�NQRZQ

DV�RQ�OLQH�OHDUQHUV��ZKLFK�DUH�DOJRULWKPV�WKDW�OHDUQ�WKHLU�K\SRWKHVHV��UHJUHVVLRQ�FRHIILFLHQWV�
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FRQWLQXRXVO\�GXULQJ�WKH�WUDLQLQJ��7KRVH�DOJRULWKPV�KDYH�SHUIRUPDQFH�JXDUDQWHHV�ERXQGV�RQ

WRWDO�VTXDUH�ORVV�DQG�FDQ�WROHUDWH�FRQFHSW�VKLIW��ZKLFK�LV�ZKHQ�WKH�EHVW�UHJUHVVRU�FKDQJHV�RYHU

WLPH��7KLV� LV� LPSRUWDQW� LQ� WKLV� UHVHDUFK�EHFDXVH� WKH�JURZWK�PRGHO�KDV�GLIIHUHQW�SKDVHV�� ,Q

WKLV�SURMHFW��ZH�ZDQW�WR�HYDOXDWH�WKH�HPSLULFDO�SHUIRUPDQFH�RI�*'�E\�DSSO\LQJ�LW�WR�GLIIHUHQW

VHULHV�RI�DUWLILFLDO�(��FROL�DEXQGDQFH�GDWD�JHQHUDWHG�E\�WKH�SURFHGXUH�GLVFXVVHG�LQ�6HFWLRQ�����

*'�LV�RQH�RI�WKH�ROGHVW�RSWLPL]DWLRQ�DOJRULWKPV��ZKLFK�FDQ�EH�XVHG�WR�VHDUFK�WKH�K\SRWKHVLV

VSDFH� RI� SRVVLEOH�ZHLJKW� YHFWRUV� �UHJUHVVLRQ� FRHIILFLHQW�� WR� ILQG� WKH� ZHLJKWV� WKDW� EHVW� ILW� WKH

WUDLQLQJ�H[DPSOHV��$�ZHLJKW�YHFWRU�LV�D�UHDO�YDOXHG�YHFWRU�WKDW�GHWHUPLQHV�WKH�FRQWULEXWLRQ�RI

LQSXW� WR� WKH� RXWSXW� YDOXH�� 7KH� SUHGLFWLRQ� LV� D� IXQFWLRQ� RI� WKH� GRW� SURGXFW� RI� LQSXW� DQG

ZHLJKW� YHFWRU�� 6XSSRVH� WKH� OHDUQLQJ� SURFHHGV� LQ� WULDOV� W �������1�� *'� PDLQWDLQV� D� ZHLJKW

YHFWRU�GHQRWHG�E\�: � ��$W�HDFK�VWHS�WKH�DOJRULWKP�UHFHLYHV�D�WUDLQLQJ�H[DPSOH��; � ��< � ���,W�ZLOO

SURGXFH� VRPH�SUHGLFWLRQ� IRU� LQVWDQFH�; � � EDVHG�RQ�: � ��%\� FRPSDULQJ� WKH�SUHGLFWLRQ�YDOXH

ZLWK�WKH�UHDO�ODEHO�< � ��*'�XSGDWHV�: � �LQ�RUGHU�WR�PLQLPL]H�WKH�GLIIHUHQFH��6XFK�D�GLIIHUHQFH

LV� FDOOHG� WUDLQLQJ� HUURU� RU� ORVV�� 7KLV� NLQG� RI� OHDUQLQJ� SURFHGXUH� LV� FDOOHG� RQ�OLQH� OHDUQLQJ�

$OWKRXJK�WKHUH�DUH�PDQ\�ZD\V�WR�GHILQH�WKH�WUDLQLQJ�HUURU��WKH�VTXDUH�ORVV�LV�IUHTXHQWO\�XVHG

EHFDXVH�LW�LV�FRQYHQLHQW��7KH�VTXDUH�ORVV�(�Z��FDQ�EH�VWDWHG�DV�IROORZV�

%\�FKDQJLQJ�WKH�IXQFWLRQ� ��WKH�K\SRWKHVLV�FODVV�YDULHV��:KHQHYHU�(�Z��LV�GLIIHUHQWLDEOH��RQH

FDQ�WU\�WR�ILQG�LWV�PLQLPD�E\�WKH�IROORZLQJ�LWHUDWLYH�SURFHGXUH�

ZKHUH� �LV�WKH�OHDUQLQJ�UDWH��ZKLFK�LV�WR�PRGHUDWH�WKH�GHJUHH�WR�ZKLFK�ZHLJKWV�DUH�FKDQJHG�DW

HDFK�XSGDWLQJ�VWHS�
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�,Q�WKLV�UHVHDUFK��ZH�XVH�D�YDULDWLRQ�RI�*'�EHFDXVH�GLIIHUHQW�JURZWK�SKDVHV�RFFXU�IRU

WKH�H[SRQHQWLDO�JURZWK�PRGHO��ZKLFK�LPSOLHV�GLIIHUHQW�SUHGLFWRUV�PD\�EH�EHVW�IRU�GLIIHUHQW

SDUWV�RI� WKH� WLPH� VHULHV��&RQFHSW� VKLIW� UHIHUV� WR� WKH�FKDQJLQJ�RYHU� WLPH�RI� WKH�EHVW� UHJHVVRU�

+HUEVWHU�SURSRVHG�D�YDULDWLRQ�RI�*'�FDOOHG�&RQVWUDLQHG�*HQHUDOL]HG�*UDGLHQW�'HVFHQW��&�

*'�� WR�KDQGOLQJ� WKH� VKLIW� FDVH��7KH�EDVLF� LGHD�RI� WKHLU� WHFKQLTXH� LV� WR� SURMHFW� WKH�ZHLJKW

YHFWRU�LQWR�D�VXLWDEO\�FKRVHQ�FRQYH[�UHJLRQ�DW� WKH�HQG�RI�HDFK�WULDO��7KHQ� LQ�WKLV�PRGLILHG

*'�DOJRULWKP�� WZR�XSGDWHV�H[LVW��7KH� ILUVW� LV� WKH�JHQHUDO�JUDGLHQW�GHVFHQW�XSGDWH��DQG� WKH

RWKHU�LV�WKH�SURMHFWLRQ�XSGDWH��7KH�SURMHFWLRQ�RI�D�ZHLJKW�YHFWRU�: � �RQWR�D�FORVHG�FRQYH[�VHW

6�LV�WKH�SRLQW�LQ�6�FORVHVW�WR�: � ��7KH�FRQYH[�UHJLRQ�SOD\V�D�NH\�UROH�LQ�ERXQGLQJ�WKH�VL]H�RI

ZHLJKW� YHFWRU�� 6XFK� D� FRQVWUDLQW� VHW� 6� LV� KLJKO\� UHODWHG� WR� WKH� ORVV� ERXQGV� RI� WKH� RULJLQDO

DOJRULWKP�� 7KH� ERXQG� RI� *'� KDV� EHHQ� SURYHG� WR� GHSHQG� RQ� WKH� ��QRUP� RI� ERWK� WKH

LQVWDQFH�; � �DQG�SUHGLFWRU��L�H�: � �>��@�

,Q�WKLV�UHVHDUFK��ZH�DUH�LQWHUHVWHG�LQ�KRZ�&�*'�SHUIRUPV�RQ�ILQGLQJ�WKH�EHVW�OLQHDU

UHJUHVVRU�RQ�WKH�(��FROL�JHQRW\SH�DEXQGDQFH�GDWD��7KH�ZHLJKW�YHFWRU�:�KDV�WKH�IRUP�RI�^: � �

: � `��: � �DQG�: � �FRUUHVSRQG�WR�WKH�LQWHUFHSW�DQG�WKH�VORSH�RI�WKH�GHULYHG�OLQHDU�UHJUHVVLRQ

OLQH�� UHVSHFWLYHO\�� �7KH� WUDLQLQJ�H[DPSOH�KDV� WKH� IRUP�^;�<`��;� LV� WKH�YHFWRU�RI� WKH� LQSXW

YDOXH��ZKLFK� LV� WKH� WLPH�YDOXH��<� LV� WKH�QDWXUDO� ORJDULWKP�RI� WKH�DEXQGDQFH�GDWD��( � � LV� WKH

VTXDUH� ORVV� IXQFWLRQ�� 7KH� FRQVWUDLQW� VHW� 6� KDV� WKH� IRUP� ^:� : � � `�� � LV� D� FRQVWDQW

SDUDPHWHU�WKDW�FDQ�EH�FDUHIXOO\�WXQHG�WR�DVVXUH�WKH���QRUP�RI�WKH�SUHGLFWRU�:�ORFDWHG�LQ�WKH

FRQYH[�UHJLRQ���&�*'�XVHG�LQ�WKLV�UHVHDUFK�FDQ�EH�VWDWHG�DV�IROORZV�
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�� ,QLWLDOL]DWLRQ

��� ,QLWLDOL]H�WKH�ZHLJKW�YHFWRU�WR�VRPH�UDQGRP�YDOXH�

��� ,QLWLDOL]H�WKH�OHDUQLQJ�UDWH� �DQG� �

�� 5HSHDW

��� )RU�HDFK�WUDLQLQJ�H[DPSOH

��� &RPSXWH�WKH�VTXDUH�ORVV�

��� *HQHUDO�*'�XSGDWH�

��� 3URMHFWLRQ�*'�XSGDWH�

��������������������8QWLO�DOO�WUDLQLQJ�H[DPSOHV�EHHQ�SURFHVVHG�

������������:H� DSSOLHG� &�*'� RQ� WKH� DEXQGDQFH� GDWD� JHQHUDWHG� E\� WKH� H[SRQHQWLDO� JURZWK

PRGHO�ZLWKRXW�WKH�FRQFHSW�VKLIW��L�H��RQO\�H[SRQHQWLDO�JURZWK�SKDVH�H[LVWV���$OVR��ZH�DSSOLHG

&�*'� RQ� WKH� DEXQGDQFH� GDWD� JHQHUDWHG� E\� WKH� H[SRQHQWLDO� JURZWK� PRGHO� ZLWK� FRQFHSW

VKLIW��L�H��D�VDWXUDWLRQ�SKDVH�IROORZV�WKH�H[SRQHQWLDO�JURZWK�SKDVH��,Q�WKLV�VLWXDWLRQ��WKHUH�ZDV

D�VLQJOH� OLQH� WKDW� ILW� WKH�H[SRQHQWLDO�JURZWK�SKDVH�DQG�D�VHSDUDWH� OLQH� ILWWLQJ� WKH� VDWXUDWLRQ

SKDVH��:H�LQYHVWLJDWHG�KRZ�GLIIHUHQW�OHDUQLQJ�UDWHV� �DIIHFW�WKH�SHUIRUPDQFH�RI�&�*'�DQG
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KRZ�PDQ\�WLPH�SRLQWV�QHHGHG�IRU�&�*'�WR�FRQYHUJH�WR�WKH�EHVW�ZHLJKW�YHFWRU�XQGHU�WKRVH

GLIIHUHQW�VLWXDWLRQV�
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&KDSWHU����([SHULPHQWDO�5HVXOWV�DQG�'LVFXVVLRQ

,Q�WKLV�FKDSWHU��ZH�ILUVW�GLVFXVV�WKH�DUWLILFLDO�GDWD�JHQHUDWLRQ�SURFHVV� LQ�GHWDLO��7KHQ

ZH�SUHVHQW�VRPH�HPSLULFDO� UHVXOWV�REWDLQHG�IURP�WKH�VWDQGDUG�UHJUHVVLRQ�DQDO\VLV�DQG�*'�

ZKLFK�ZHUH�DSSOLHG�RQ�VRPH�DEXQGDQFH�GDWD�JHQHUDWHG�IURP�WKH�DUWLILFLDO�GDWD�JHQHUDWRU�

�����*URZWK�0RGHO�,PSOHPHQWDWLRQ��$UWLILFLDO�'DWD�*HQHUDWLRQ�

2QH�RI�WKH�FRQWULEXWLRQV�RI�WKLV�WKHVLV�LV�DQ�DUWLILFLDO�DEXQGDQFH�GDWD�JHQHUDWRU�EDVHG

RQ� NQRZQ� JURZWK� PRGHOV�� 5HFDOO� WKH� VWDUWLQJ� ILOH� FRQWDLQV� UHDO� (�� FROL� VWUDLQ� JHQHWLF

LQIRUPDWLRQ�IURP�WZR�GLHW�FRQWUROOHG�FRZV�DW� WHQ� WLPH�SRLQWV��ZLWK� WZHQW\� LVRODWHV�DW�HDFK

WLPH� �6HFWLRQ� ������ 6R� RXU� GDWDVHWV� DFWXDOO\� KDYH� WKUHH� SDUDPHWHUV�� WKH� QXPEHU� RI� DQLPDO

KRVWV� �LQ� WKLV� FDVH�� WKH� QXPEHU� RI� FRZV��� WKH� QXPEHU� RI� WLPH� SRLQWV�� DQG� WKH� QXPEHU� RI

LVRODWHV�DW�HDFK�WLPH�SRLQW��7KXV�D�WRWDO��[��[�� ����VWULQJV�RI�ELQDU\�GDWD�IURP�WKH�VWDUWLQJ

ILOH�VHUYH�DV�WKH�WHPSODWH�IRU�DUWLILFLDO�GDWD�JHQHUDWLRQ�

7KRVH� WKUHH� SDUDPHWHUV� DFWXDOO\� GHILQH� WKH� WRWDO� QXPEHU� RI� ELW� VWULQJV�ZH� QHHG� WR

JHQHUDWH� IRU� WKH� QHZ� VWDUWLQJ� ILOH�� )RU� HDFK� SRVVLEOH� ELW� VWULQJ� LQ� WKH� QHZ� VWDUWLQJ� ILOH��ZH

VHOHFW�RQH�ELW�VWULQJ�XQLIRUPO\�DW�UDQGRP�IURP�WKH�H[LVWLQJ�DQLPDO� VWDUWLQJ� ILOH�DQG�FRS\� LW

LQWR�WKH�QHZ�ILOH��7KHQ�LQ�RUGHU�WR�EHWWHU�UHIOHFW�UHDOLW\��ZH�IOLS�HDFK�ELW�ZLWK�SUREDELOLW\�S��LQ

WKLV� UHVHDUFK� ZH� VHW� S�  ������ :LWK� WKDW� DSSURDFK�� ZH� DUH� DEOH� WR� DVVXUH� WKDW� ZKHQ� ZH

LQWURGXFH� VRPH�GHJUHH� RI� YDULDWLRQ� LQ� WKH� QHZ� VWDUWLQJ� ILOH� IURP� WKH� UHDO� GDWD� VHW�� \HW�ZH

SUHVHUYH�VRPH�GHJUHH�RI�VWDELOLW\�EHFDXVH�LW�LV�KLJKO\�XQOLNHO\�WR�ILQG�D�GUDPDWLF�FKDQJH�LQ�(�

FROL�VWUDLQ�SRSXODWLRQ�XQGHU�QRUPDO�FRQGLWLRQV�XQOHVV�PXWDWLRQ�RFFXUV�E\�VRPH� LQIOXHQFLQJ

IDFWRUV��VXFK�DV�DQWLPLFURELDO�DJHQWV�

���������7KH�FOXVWHULQJ�SURFHGXUH�GLVFXVVHG�LQ�6HFWLRQG�����DQG�����LGHQWLILHV�GLIIHUHQW�JURXSV

IURP� WKH�QHZ�GDWD� ILOH� DQG�JHQHUDWHV� D�GHQGURJUDP��:H� WUDFH� WKURXJK� WKH�GHQGURJUDP� WR
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FRPSXWH�WKH�DEXQGDQFH�YDOXH�IRU�HDFK�JURXS�DW�WKH�VWDUWLQJ�WLPH�SRLQW��)RU�WKH�DEXQGDQFH

YDOXH� DW� VXFFHVVLYH� WLPH� SRLQWV�� GLIIHUHQW� JURZWK� PRGHOV� ZHUH� UDQGRPO\� DVVLJQHG� WR� RQH

VSHFLILF�JURXS��,Q�WKLV�UHVHDUFK��WKUHH�JHQHUDO�FODVVHV�RI�JURZWK�PRGHOV�DUH�XVHG��2QH�LV�DQ

H[SRQHQWLDO�JURZWK�PRGHO��RQH�LV�D�OLQHDU�GHFOLQH�JURZWK�PRGHO�DQG�WKH�ODVW�RQH�LV�D�VWDJQDQW

JURZWK�PRGHO��7KH�OLQHDU�GHFOLQH�JURZWK�PRGHO�PHDQV�WKDW�D�JURXS
V�DEXQGDQFH�GHFUHDVHV

DSSUR[LPDWHO\�OLQHDUO\�DIWHU�WKH�VWDUWLQJ�WLPH�SRLQW��7KH�VWDJQDQW�JURZWK�PRGHO�PHDQV�WKDW�D

JURXS
V�DEXQGDQFH�UHPDLQV�DSSUR[LPDWHO\�WKH�VDPH�RYHU�WKH�WLPH��7KH�H[SRQHQWLDO�JURZWK

PRGHO�KDV�PXOWLSOH�YDULDWLRQV��2QH�LV�H[SRQHQWLDO�JURZWK�RYHU�DOO�WKH�WLPH�SRLQWV��$QRWKHU�LV

WKDW�WKH�JURZWK�EHFRPHV�VWDJQDQW�DIWHU�WKH�H[SRQHQWLDO�JURZWK�SKDVH��)LQDOO\��HLWKHU�JURZWK

UHPDLQV�VWDJQDQW�RU�D�OLQHDU�GHFOLQH�SKDVH�EHJLQV��7KHUH�DUH�WZR�ZD\V�LPSOHPHQWHG�WR�GHILQH

WKH� VDWXUDWLRQ� SRLQW�� 2QH� LV� WR� VSHFLI\� WKH� VDWXUDWLRQ� DEXQGDQFH� YDOXH�� :KHQHYHU� WKH

DEXQGDQFH� LQFUHDVHV� XS� WR� WKLV� YDOXH�� WKH� VWDJQDQW� SKDVH� VWDUWV�� $QRWKHU� LV� WR� H[SOLFLWO\

VSHFLI\�WKH�WLPH�SRLQW�DV�D�VDWXUDWLRQ�SRLQW��7KH�VWDJQDQW�SKDVH�VWDUWV�IURP�WKLV�WLPH�SRLQW�

7KH�(�� FROL� JURZWK� UDWH� IRU� WKH� H[SRQHQWLDO� JURZWK�PRGHO� LV� GHWHUPLQHG�E\� UHVXOWV

IURP�ELRORJLFDO�H[SHULPHQWV�FRQGXFWHG�LQ�'U��$QGUHZ�%HQVRQ
V�/DE�LQ�'HSDUWPHQW�RI�)RRG

6FLHQFH�DQG�7HFKQRORJ\��8QLYHUVLW\�RI�1HEUDVND�/LQFROQ���:LWK�WKH�JURZWK�UDWH����SHU�WLPH

XQLW��DV�WKH�PHDQ�DQG�VRPH�SUHGHILQHG�YDULDQFH��ZH�LQWURGXFH�VRPH�QRLVH�IRU�WKH�JHQRW\SH

FRPLQJ� IURP� GLIIHUHQW� KRVWV� XVLQJ� D� *DXVVLDQ� GLVWULEXWLRQ�� $OVR�� DW� HDFK� WLPH� SRLQW�� ZH

LQWURGXFH�VRPH�QRLVH�LQWR�WKH�DEXQGDQFH�GDWD�E\�WKH�*DXVVLDQ�GLVWULEXWLRQ�SURFHGXUH�>��@�

/HW� W�EH�WKH�FXUUHQW� WLPH�SRLQW��$ � �EH�WKH�DEXQGDQFH�DW� WLPH� W��DQG�5�EH� WKH�PHDQ

JURZWK� UDWH�� H � � DQG� H � � DUH� WZR� LQGHSHQGHQW� QRLVH� IDFWRUV� JHQHUDWHG� DFFRUGLQJ� WR� VRPH

*DXVVLDQ�GLVWULEXWLRQ��7KH�IRUPXOD�IRU�H[SRQHQWLDO�JURZWK�PD\�EH�VWDWHG�DV�IROORZV�

.)( 211 eeRAA tt ++×=+
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7KH�IRUPXOD�IRU�VWDJQDQW�JURZWK�PRGHO�PD\�EH�VWDWHG�DV�IROORZV�

7KH�IRUPXOD�IRU�OLQHDU�GHFOLQH�JURZWK�PRGHO�PD\�EH�VWDWHG�DV�IROORZV�

ZKHUH�&�LV�D�FRQVWDQW�

6LQFH�WKH�H[SRQHQWLDO�JURZWK�PRGHO�ZLWK�VDWXUDWLRQ�DFWXDOO\�FRQWDLQV�WKH�RWKHU� WZR

PRGHOV�DQG�EHFDXVH�RI�WKH�VLPSOLFLW\�RI�RWKHU�WZR�PRGHOV��DEXQGDQFH�GDWD�RI�WKH�JURXS�ZLWK

WKH�H[SRQHQWLDO�JURZWK�PRGHO�ZLOO�EH�WKH�PDLQ�IRFXV�RI�RXU�ZRUN�

��� 'DWD�$QDO\VLV�([SHULPHQWDO�5HVXOWV

5HFDOO�ZH�XVH� WKH�QDWXUDO� ORJDULWKP�RI�RULJLQDO� DEXQGDQFH�GDWD� LQ� WKH�GDWD� DQDO\VLV

�6HFWLRQ�������,Q�RUGHU�WR�LQYHVWLJDWH�WKH�HIIHFW�RI�WKH�QXPEHU�RI�KRVWV�DQG�WKH�HIIHFW�RI�WKH

QXPEHU�RI�WLPHV�RQ�WKH�VWDQGDUG�OLQHDU�UHJUHVVLRQ�DQDO\VLV�PHWKRGV��ZH�JHQHUDWHG�GLIIHUHQW

GDWD� ILOHV�ZLWK�GLIIHUHQW�QXPEHUV�RI� WLPH�SRLQWV� W� �W ������������7KH�QXPEHU�RI� LVRODWHV� DW

HDFK� WLPH� LV� IL[HG� DW� ��� VDPH� DV� WKDW� LQ� WKH� UHDO� GDWD� ILOH� WR� NHHS� WKH� VDPH� GHJUHH� RI

UHSUHVHQWDWLRQ�RI�WKH�ZKROH�(��FROL�SRSXODWLRQ��$OVR��LI�WKH�QXPEHU�RI�KRVWV�LQ�WKH�GDWD�ILOH�LV

PRUH�WKDQ����ZH�XVH�WKH�PHDQ�RI�WKH�DEXQGDQFH�GDWD�DW�HDFK�WLPH�SRLQWV�DV�WKH�LQSXW�IRU�WKH

VWDQGDUG�OLQHDU�UHJUHVVLRQ�DQDO\VLV��:H�H[SOLFLWO\�VSHFLI\�WKH�VDWXUDWLRQ�YDOXH�DW��������ZKLFK

LPSOLFLWO\� GHILQHV� WKH� VDWXUDWLRQ� SRLQW� DERXW� W ��� GHSHQGLQJ� RQ� WKH� JURZWK� UDWH�� 5HVXOWV

VKRZ�WKDW�ZKHQ�WLPH� W ���WKH�VWDQGDUG�UHJUHVVRU�ILQGV�D�JRRG�ILW� IRU� WKH�REVHUYHG�GDWD��DV

LOOXVWUDWHG�LQ�)LJXUH������7KH�UHDVRQ�LV�EHFDXVH�WKH�VDWXUDWLRQ�SRLQW�LV�QRW�UHDFKHG�LQ�WKLV�GDWD

VHW��7KH�QDWXUDO�ORJDULWKP�RI�WKH�REVHUYHG�GDWD�LV�D�VWUDLJKW�OLQH�

.11 eAA tt +=+

,11 eCAA tt +−=+
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VDWXUDWLRQ� SKDVH��ZKLFK� LPSOLHV� WKDW� D� VLQJOH� VWUDLJKW� OLQH�ZRQ
W� ILW� DOO� WKH� GDWD�� )LJXUH� ���
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)RU�WKH�GDWD�ILOH�ZLWK���DQLPDOV�DQG����WLPH�SRLQWV��ZH�UDQGRPO\�JHQHUDWHG����GDWD

ILOHV��:H�SORW�WKH�DYHUDJH�VTXDUH�ORVV�YV��WLPH�SRLQWV�LQ�)LJXUH������$YHUDJH�6TXDUH�ORVV�LV�REWDLQHG

E\�WDNLQJ�WKH�DYHUDJH�VTXDUH�ORVV�IURP����ILOHV��
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)LJXUH�����7KH�DYHUDJH�VTXDUH�ORVV�EHWZHHQ�SUHGLFWHG�YDOXH�E\�VWDQGDUG�UHJUHVVLRQ�DQG�REVHUYHG�GDWD�RYHU���
WLPH�SRLQWV��$QLPDO��UHIHUV�WR�WKH�GDWD�ILOH�ZLWK���DQLPDOV�

)URP�)LJXUH������ZH�VHH�WKDW�WKH�SHUIRUPDQFH�RI�WKH�VWDQGDUG�UHJUHVVRU�LV�SRRU�ZLWK

WKH�VPDOOHVW�VTXDUH�HUURU�ORVV�DW�W ��DQG�WKH�ODUJHVW�DW�W ���WLPH�SRLQW��7KLV�LV�EHFDXVH�DV�WKH

OHQJWK� RI� WKH� H[SRQHQWLDO� JURZWK� SKDVH� EHFRPHV� ODUJHU�� WKH� DEXQGDQFH� UHDFKHV� WKH

VDWXUDWLRQ�SRLQW��ZKLFK�PHDQV�VLQJOH�OLQH�FDQ·W�ILW�DOO�WKH�GDWD��DV�LQGLFDWHG�E\�LQFUHDVLQJ�HUURU

ORVV�

,Q�RUGHU�WR�LQYHVWLJDWH�KRZ�*'�KDQGOHV�WKH�FRQFHSW�VKLIW��L�H�EHVW�UHJUHVVRU�FKDQJHV

RYHU� WLPH�� DQG� WR� FRPSDUH� WKH� SHUIRUPDQFH� EHWZHHQ� WKH� VWDQGDUG� UHJUHVVRU� DQG�*'��ZH

JHQHUDWHG�GDWD�ILOHV�ZLWK�D�VLQJOH�KRVW�DQG����WLPH�SRLQWV��7KH�QXPEHU�RI�LVRODWHV�LV�NHSW�DW

����/HW�7 � �GHQRWH�WKH�OHQJWK�RI�WKH�H[SRQHQWLDO�JURZWK�SKDVH�DQG�7 � ����7 � �UHSUHVHQW�IRU�WKH

OHQJWK�RI�WKH�VWDJQDQW�SKDVH��L�H��DIWHU�WKH�VDWXUDWLRQ�SRLQW���,Q�WKLV�FDVH��ZH�YDU\�WKH�YDOXH�RI

7 � �DV�������������DQG����WLPH�SRLQWV��7KDW�PHDQV�7 � �LV������������DQG���UHVSHFWLYHO\��)RU�HDFK

YDOXH� RI�7 � �� ZH� UDQGRPO\� JHQHUDWHG� ��� LQGHSHQGHQW� GDWD� ILOHV�� 1RWH� WKDW� *'� XSGDWHV� LWV
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ZHLJKW�YHFWRU�XSRQ�UHFHLYLQJ�D�QHZ�GDWD�SRLQW��L�H��DW�HDFK�VWHS��*'�ILQGV�D�OLQH�WKDW�EHVW�ILWV

WKH�FXUUHQW�DQG�SUHYLRXV�GDWD�SRLQWV��,Q�RUGHU�WR�ILQG�WKH�OLQH�RI�WKH�SUH��DQG�SRVW�VDWXUDWLRQ

SKDVHV� WKDW�EHVW�ILWV� WKH�GDWD�SRLQWV��ZH�GHILQH�PLQLPXP�OLQH� VTXDUH� ORVV�GHQRWHG�E\�/� DV� WKH

PLQLPXP� VTXDUH� ORVV� DPRQJ� DOO� WKH� OLQHV� IRXQG� E\� *'� DW� HDFK� WLPH� SRLQW�� 6LQFH� WKH

H[SRQHQWLDO�JURZWK�PRGHO�KDV�WZR�SKDVHV��WKH�H[SRQHQWLDO�JURZWK�SKDVH�DQG�WKH�VDWXUDWLRQ

SKDVH���ZH�FRPSXWH�WKH�PLQLPXP�OLQH�VTXDUH�ORVV�IRU�HDFK�SKDVH��,�H��ZH�KDYH�WZR�PLQLPXP

VTXDUH�ORVVHV�IRU�HDFK�GDWD�ILOHV��HDFK�RQH�LV�WKH�EHVW�OLQH�IRU�LWV�FRUUHVSRQGLQJ�SDUW��6LQFH�WKH

OHQJWK�RI�HDFK�SKDVH�YDULHV�DPRQJ�GLIIHUHQW�GDWD�ILOH��ZH�XVH�WKH�DYHUDJH�PLQLPXP� OLQH� VTXDUH

ORVV�IRU�HDFK�SKDVH�GHQRWHG�E\�/ � �DQG�/ � ��UHVSHFWLYHO\��)RU�H[DPSOH��LI�WKH�GDWD�ILOH�KDV�7 � ��

DQG�7 � ����ZH�GLYLGH�WKH�PLQLPXP�OLQH�VTXDUH�ORVV�E\����IRU�/ � �DQG�GLYLGHG�WKH�PLQLPXP

OLQH�VTXDUH�ORVV�E\����IRU�/ � ��$OVR��ZH�WDNH�WKH�PHDQ�IURP�UDQGRPO\�����UXQV�IRU�HDFK�FDVH�

5HFDOO�*'�KDV�OHDUQLQJ�UDWH� �DQG�D�FRQVWDQW�FRQVWUDLQW� �GLVFXVVHG�LQ�6HFWLRQ������)RU�WKLV

UHVHDUFK��ZH�VHW� �YDOXH�DV�������WR�PLQLPL]H�WKH�HIIHFW�RI�WKH�SURMHFWLRQ�XSGDWH��7KHQ�ZH

YDULHG�WKH�OHDUQLQJ�UDWH� �DV���������������DQG�������IRU�GLIIHUHQW�GDWD�ILOHV��7DEOH�����OLVWV�WKH

/ � �ZLWK�GLIIHUHQW� OHDUQLQJ� UDWH�DQG�GLIIHUHQW�7 � ��5HVXOWV� VKRZ�WKDW� LI�7 � � LV� OHVV� WKDQ���� WLPH

SRLQWV��JHQHUDOO\�LQFUHDVLQJ�WKH�OHDUQLQJ�UDWH�LPSURYHV�WKH�SHUIRUPDQFH�E\�ILQGLQJ�WKH�EHWWHU

OLQH� WR� ILW� DOO� WKH�GDWD� IRU� WKH�SUH�VDWXUDWLRQ�SDUW��)RU�H[DPSOH��RXU� H[SHULPHQWV� VKRZ� WKDW

ZKHQ�7 � ����/ � �LV�������IRU�  �������DQG�/ � �GHFUHDVHV�WR�������DQG������IRU�  ������DQG�

 ������� UHVSHFWLYHO\��:KHQ� 7 � ����/ � � LV� ����� ZKHQ� � LV� �������� ZKLOH� ZKHQ�  �������/ �

GHFUHDVHV� WR� ������� +RZHYHU�� LI� 7 � � LV� ODUJHU� WKDQ� ���� LQFUHDVLQJ� WKH� OHDUQLQJ� UDWH� ZRQ·W

LPSURYH�WKH�SHUIRUPDQFH�PXFK��$FWXDOO\��WKH�SHUIRUPDQFH�HYHQ�EHFDPH�ZRUVH��DV�LQGLFDWHG

E\�WKH�IDFW�WKDW�/ � �LQFUHDVHG�IURP�������ZKHQ� � ������WR��������ZKHQ�  ������IRU�WKH�GDWD

ILOH�ZLWK�7 � ����$W� WKH�VDPH� WLPH�� LQFUHDVLQJ� WKH�7 � ��� WKH� OHQJWK�RI� WKH�H[SRQHQWLDO�JURZWK

SKDVH��LPSURYHV�WKH�RYHUDOO�SHUIRUPDQFH�RI�*'��H�J��/ � �GHFUHDVHG�IURP�������ZKHQ�7 � ��
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WR�MXVW��������ZLWK�7 � ����+RZHYHU��ZKHQ�7 � �LV�ODUJHU�WKDQ�����WKH�HIIHFW�LV�QRW�VLJQLILFDQW��DV

LQGLFDWHG� E\� / � ������� ZKHQ� 7 � � LV� ��� DQG� / � ������� ZKHQ� 7 � � LV� ���� 7KDW� PHDQV� WKH

LPSURYHPHQW�RI�*'�SHUIRUPDQFH�RQ�SUH�VDWXUDWLRQ�SDUW�VWDUWV�WR�EH�VWDEOH�ZLWK�LQFUHDVLQJ

7 �
�

7DEOH� ����$YHUDJH�PLQLPXP� VTXDUH� ORVV� IRU� SUH�VDWXUDWLRQ� SDUW� �/ � �� ZLWK� GLIIHUHQW�7 � � ����

�����������DQG�GLIIHUHQW�OHDUQLQJ�UDWH� ������������������������IURP�����UXQV�

7 � � ������ � ����� � �����

�� ����� ����� ����

�� ���� ����� ������

�� ������ ������ ������

�� ������ ����� ������

)RU� WKH� SRVW�VDWXUDWLRQ� SDUW�� LQFUHDVLQJ� WKH� OHDUQLQJ� UDWH� GRHVQ·W� DSSHDU� WR� KDYH� D

VLJQLILFDQW� LPSURYHPHQW�RQ�*'·V�SHUIRUPDQFH��$FWXDOO\� WKH�SHUIRUPDQFH� VWDUWV� WR� VOLJKWO\

GHFUHDVH�DV�LQGLFDWHG�E\�7DEOH������7KDW�PHDQV�IRU�SRVW�VDWXUDWLRQ�SDUW�� ORZHU�OHDUQLQJ�UDWH

ZRXOG�EH�EHWWHU�LQ�WHUPV�IR�*'
V�SHUIRUPDQFH�

7DEOH�����$YHUDJH�PLQLPXP�VTXDUH�ORVV�IRU�SRVW��VDWXUDWLRQ�SDUW��7 � ��ZLWK�GLIIHUHQW�7 � � ����

�����������DQG�GLIIHUHQW�OHDUQLQJ�UDWH� ������������������������IURP�����UXQV�

7 � � ������ � ����� � �����

�� ����� ����� �����

�� ����� ����� �����

�� ����� ����� ����

�� 1�$ 1�$ 1�$
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+RZHYHU��ZH�ZHUH�VXUSULVHG�E\�WKH�LPSURYHPHQW�LQ�SHUIRUPDQFH�RQ�SRVW�VDWXUDWLRQ

SDUW�ZLWK� LQFUHDVLQJ�7 � � IURP����WR�����DV� LQGLFDWHG�E\�WKH�GHFOLQH�RI� WKH�DYHUDJH�PLQLPXP

VTXDUH� ORVV� IURP� ������ WR� ������ ZKHQ� OHDUQLQJ� UDWH� LV� �������� ,QWXLWLRQ� VXJJHVWV� WKDW� D

GHFUHDVLQJ�QXPEHU�RI�GDWD�SRLQWV�ZRXOG�GHJUDGH�WKH�SHUIRUPDQFH�LQ�JHQHUDO��7KH�UHDVRQ�IRU

WKLV� NLQG� RI� SHUIRUPDQFH� LPSURYHPHQW� LV�PD\EH� EHFDXVH� DW� VRPH� SRLQW�� HVSHFLDOO\� LQ� WKH

SRVW�VDWXUDWLRQ�SHULRG��LI�WKH�ZHLJKW�YHFWRU�IRXQG�E\�*'�DW�SHUYLRXV�SRLQW�LV�WRR�DZD\�IURP

WKH� FXUUHQW� REVHUYDWLRQ�� *'� WHQGV� WR� RIIVHW� VXFK� HIIHFW� E\� DGMXVWLQJ� WKH� FXUUHQW� ZHLJKW

YHFWRU�DJJUHVVLYHO\��ZKLFK�LV�KHDYLO\�LQIOXHQFHG�E\�ODUJHU�OHDUQLQJ�UDWH�

���)LJXUHV���������������DQG�����VKRZ�WKH�OHDUQLQJ�SURFHVV�E\�*'�IRU�WKH�GDWD�ILOH�ZLWK

OHDUQLQJ�UDWH�DW��������DQG�GLIIHUHQW�7 � �������������������:H�DOVR�LQFOXGH�WKH�SUHGLFWHG�OLQH�E\

*'�DQG�VWDQGDUG�UHJUHVVLRQ�PHWKRG�LQ�WKH�SORW�� �7KRVH�ILJXUHV�VKRZ�WKDW�IRU� WKH�GDWD�ILOH

ZLWK����WLPH�SRLQWV��ERWK�PHWKRGV�ILQG�D�QHDUO\�SHUIHFW�OLQH�IRU�WKH�RULJLQDO�DEXQGDQFH�GDWD�

+RZHYHU��WKH�OLQH�IRXQG�E\�VWDQGDUG�UHJUHVVLRQ�DQDO\VLV�LV�D�EHWWHU�ILW�WKDQ�WKH�RQH�IRXQG�E\

*'��ZLWK�WKH�VTXDUH�HUURU�ORVV�DW�RQO\���������IRU�VWDQGDUG�UHJUHVVLRQ�DQDO\VLV��FRPSDUHG�WR

WKH�VTXDUH�HUURU�ORVV�DW�������IRU�*'��)RU�RWKHU�GDWD�ILOHV�ZLWK��������DQG����WLPH�SRLQWV��WKH

*'�SHUIRUPV�EHWWHU�WKDQ�VWDQGDUG�OLQHDU�UHJUHVVLRQ�EHFDXVH�LW�FDQ�KDQGOH�WKH�FRQFHSW�VKLIW

DQG�DW�WKH�VDPH�WLPH�*'�LV�VWLOO�DEOH�WR�ILQG�D�JRRG�ILW�IRU�SUH�VDWXUDWLRQ�SDUW�
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&KDSWHU����&RQFOXVLRQV�DQG�)XWXUH�:RUN

,Q� WKLV� WKHVLV�� ZH� PDGH� DQ� DWWHPSW� IRU� DSSO\LQJ� PDFKLQH� OHDUQLQJ� WHFKQLTXHV� WR

PLFURELDO� SRSXODWLRQ� G\QDPLFV� DQDO\VLV�� $OVR�� ZH� GHVLJQHG� D� IUDPHZRUN� EDVHG� RQ� D

FOXVWHULQJ�DOJRULWKP�WR�LGHQWLI\�VLPLODU�JURXSV�IURP�ELW�VWULQJV��ZKLFK�FRUUHVSRQGV�WR�(��FROL

'1$�ILQJHUSULQWLQJ�JHO�SDWWHUQ��%HFDXVH�RI�D�ODFN�RI�GDWD��ZH�DOVR�LPSOHPHQWHG�D�V\QWKHWLF

GDWD� JHQHUDWRU� EDVHG� RQ� SDUDPHWHUL]HG� PDWKHPDWLFDO� PRGHOV� RI� PLFURELDO� SRSXODWLRQ

JURZWK�DQG�VDWXUDWLRQ��ZKLFK�FDQ�EH�XVHG�WR�GLUHFWO\�FRPSDUH�UHJUHVVRUV�DQG�FODVVLILHUV��7KH

DUWLILFLDO�GDWD�JHQHUDWRU�FRQVLVWV�RI��WZR�VWHSV��7KH�ILUVW�VWHS�LV�WR�JHQHUDWH�GLIIHUHQW�VWDUWLQJ

GDWD�ILOHV�E\�UDQGRPO\�FKRRVLQJ�ELW�VWULQJV�IURP�D�VPDOO�UHDO�GDWD�VHW�DQG�IOLSSLQJ�WKH�ELW�ZLWK

SUREDELOLW\� �����7KH� VHFRQG� VWHS� LV� WR� JHQHUDWH� DEXQGDQFH� YDOXH� DW� VXFFHVVLYH� WLPH� SRLQWV

EDVHG� RQ� VRPH� NQRZQ� PLFURELDO� JURZWK� PRGHO�� 7KUHH� FODVVHV� RI� JURZWK� PRGHOV� ZHUH

LPSOHPHQWHG� LQ� WKLV� UHVHDUFK��2QH� LV�DQ�H[SRQHQWLDO� JURZWK�PRGHO��RQH� LV� D� OLQHDU�GHFOLQH

PRGHO�DQG�WKH�ODVW�RQH�LV�D�VWDJQDQW�PRGHO��7KH�H[SRQHQWLDO�JURZWK�PRGHO� LV� WKH�IRFXV�RI

WKLV�WKHVLV�

:H�DOVR�LPSOHPHQWHG�YDULRXV�UHJUHVVLRQ�DOJRULWKPV�DQG�HYDOXDWHG�WKHLU�SHUIRUPDQFH

RQ�WKH�V\QWKHWLF�GDWD��)URP�WKH�HPSLULFDO��UHVXOWV�EDVHG�RQ�RXU�GDWD�JHQHUDWLRQ�PRGHO��VLQFH

LQFUHDVLQJ�WLPH�SRLQWV�DOORZV�WKH�DEXQGDQFH�WR�UHDFK�WKH�VDWXUDWLRQ�SRLQW��WKH�SHUIRUPDQFH

RI�WKH�VWDQGDUG�OLQHDU�UHJUHVVLRQ�PHWKRG�GHFUHDVHV�EHFDXVH� LW�FDQQRW�ILQG�D�VLQJOH� OLQH�WKDW

ILWV� ERWK� WKH� SUH�DQG� SRVW�VDWXUDWLRQ� SRLQW� SKDVHV��2Q� WKH� RWKHU� KDQG��*'� FDQ� ILQG� WZR

UHJUHVVRUV�IRU�SUH��DQG�SRVW�VDWXUDWLRQ�SKDVHV�LQ�WKH�H[SRQHQWLDO�JURZWK�PRGHO��)RU�WKH�SUH�

VDWXUDWLRQ� SDUW��*'�SHUIRUPV�ZHOO�ZKHQ� WKH� OHQJWK� RI� H[SRQHQWLDO� JURZWK� SKDVH� LV� ODUJHU

WKDQ����WLPH�SRLQWV�ZLWK� OHDUQLQJ�UDWH�DV���������,Q�RUGHU� WR�DFKLHYH�JRRG�SHUIRUPDQFH�RI

*'�� WKH�PLQLPXP�GDWD�SRLQWV� IRU�SUH�VDWXUDWLRQ�SRLQW� VKRXOG�EH�JUHDWHU� WKDQ���� �7 �!����
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+RZHYHU��IRU�WKH�SRVW�VDWXUDWLRQ�SDUW��DOWKRXJK�*'�FDQ�ILQG�D�OLQH�WR�ILW�WKH�GDWD��WKH�OLQH�LV

VWLOO�QRW�SHUIHFW��LQGLFDWHG�E\�WKH�ODUJHU�DYHUDJH�PLQLPXP�VTXDUH�ORVV��%DVHG�RQ�RXU�UHVXOWV�

WKH� LQFUHDVLQJ� OHDUQLQJ� UDWH� JHQHUDOO\� GHFUHDVHV� WKH� SHUIRUPDQFH� RI�*'��$OVR�� IURP� WKRVH

H[SHULPHQWDO�UHVXOWV�EDVHG�RQ�RXU�PRGHO��*'�FRQYHUJHV�VORZO\��H�J��*'�QRUPDOO\�QHHGV���

WLPH�SRLQWV�RQ�DYHUDJH�WR�ILQG�WKH�EHVW�ZHLJKW�YHFWRU�ZLWK�WKH�PLQLPXP�VTXDUH�HUURU�ORVV��,W

LV�ZHOO�NQRZQ�WKDW�DQRWKHU�DOJRULWKP�FDOOHG�H[SRQHQWLDWHG�JUDGLHQW� �(*��XVXDOO\�FRQYHUJHV

PXFK�IDVWHU�WKDQ�*'�>��@��7KH\�ERWK�PDLQWDLQ�D�ZHLJKW�YHFWRU�XVLQJ�VLPSOH�XSGDWHV��)RU�WKH

*'�DOJRULWKP��WKH�XSGDWH�LV�EDVHG�RQ�VXEWUDFWLQJ�WKH�JUDGLHQW�RI�WKH�VTXDUHG�HUURU�PDGH�RQ

D�SUHGLFWLRQ��7KH�(*�DOJRULWKP�XVHV� WKH�FRPSRQHQWV�RI� WKH� JUDGLHQW� LQ� WKH� H[SRQHQWV�RI

IDFWRUV�WKDW�DUH�XVHG�LQ�XSGDWLQJ�WKH�ZHLJKW�YHFWRU�PXOWLSOLFDWLYHO\��5HVHDUFK�KDV�VKRZQ�WKDW

LI�IHZ�FRPSRQHQWV�RI�WKH�LQSXW�DUH�UHOHYDQW�IRU�HDFK�SUHGLFWLRQ��(*�KDV�D�PXFK�VPDOOHU�ORVV

>��@��:H�FDQ�DSSO\�(*�RQ�WKH�DUWLILFLDO�GDWD�ZH�JHQHUDWHG�RU�RQ�WKH�UHDO�GDWD�WR�HYDOXDWH�LWV

SHUIRUPDQFH�

%DVHG�RQ�RXU�H[SHULPHQWV��ZH�IRXQG�LI�ZH�FDQ�GHILQH�WKH�VDWXUDWLRQ�SRLQW��ZH�FDQ�DSSO\�WKH

VWDQGDUG�UHJUHVVLRQ�PHWKRG�WR�HDFK�SKDVH��ZKLFK�DFWXDOO\�JLYHV�WKH�RSWLPXP�VROXWLRQ��7R�GR

WKLV��ZH�FDQ�GHULYH�DQ�HTXDWLRQ�DV�IROORZV�

ZKHUH� � I � �W�� LV� WKH� IXQFWLRQ� IRU� WKH� � H[SRQHQWLDO� JURZWK�SKDVH�� � I � �W�� LV� WKH� IXQFWLRQ� IRU� WKH

VWDJQDQW�JURZWK�SKDVH��L�H��DIWHU�WKH�VDWXUDWLRQ�SRLQW��J�W��LV�WKH�XQLW�VWHS�IXQFWLRQ�
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7KH�XQLW�VWHS�IXQFWLRQ�FDQ�EH�DSSUR[LPDWHG�E\�D�PDWKHPDWLFDO�IXQFWLRQ�VXFK�DV�D�VLJPRLG

IXQFWLRQ�

%\�WKLV�DSSURDFK��ZH�PD\�EH�DEOH�WR�PRGHO�WKH�UHODWLRQVKLS�EHWZHHQ�DEXQGDQFH�DQG

WLPH�DV�D�VLQJOH�HTXDWLRQ��ZKLFK�FHUWDLQO\�KDV�DGYDQWDJHV�FRPSDUHG�WR�RWKHU�DSSURDFKHV�WKDW

PRGHO�HDFK�SKDVH�LQGLYLGXDOO\�

:LWK�LQFUHDVLQJ�FRPSXWDWLRQDO�FKDOOHQJHV�SRVHG�E\�WKH�UHFHQW�LQIRUPDWLRQ�H[SORVLRQ

LQ� ELRORJLFDO� UHVHDUFK�� WKHUH� ZLOO� EH� PRUH� DQG� PRUH� LQWHUHVW� WR� DSSO\� GLIIHUHQW� FRPSXWHU

VFLHQFH� DOJRULWKP�� VXFK� DV� PDFKLQH� OHDUQLQJ� DQG� SDWWHUQ� UHFRJQLWLRQ� DOJRULWKPV�� WR� WKRVH

DUHDV��7KLV�WKHVLV�PDGH�DQ�DWWHPSW�WR�WKDW�GLUHFWLRQ�
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5HIHUHQFHV

�� %DOGL��3��DQG�6RUHQ�%UXQDN� ��������%LRLQIRUPDWLFV��$�0DFKLQH�/HDUQLQJ�$SSURDFK��0,7

SUHVV��%RVWRQ�

�� /HH�� .�� �������� $XWRPDWLF� VSHHFK� UHFRJQLWLRQ�� 7KH� GHYHORSPHQW� RI� WKH� 6SKLQ[

V\VWHP��.OXZHU�$FDGHPLF�3XEOLVKHUV��%RQVWRQ�

�� 3RPHUOHDX�� '�� $�� ������� $/9,11�� $Q� DXWRQRPRXV� ODQG� YHKLFOH� LQ� D� QHXUDO

QHWZRUN�� �7HFKQLFDO� 5HSRUW� &08�&6���������� 3LWWVEXUJK�� 3$�� &DUQHJLH� 0HOORQ

8QLYHUVLW\�

�� )D\\DG��8��0��� 6P\WK�3���:HLU��1���'MRUJRYVNL�� 6�� ��������$XWRPDWHG� DQDO\VLV� DQG

H[SORUDWLRQ�RI�LPDJH�GDWDEDVHV��5HVXOWV��SURJUHVV��DQG�FKDOOHQJHV��-RXUQDO�RI�,QWHOOLJHQFH

,QIRUPDWLRQ�6\VWHPV���������

�� .LP�� -��� -�� 1LHWIHOGW�� DQG� $�.�� %HQVRQ�� �������� 2FWDPHU�EDVHG� JHQRPH� VFDQQLQJ

GLVWLQJXLVKHV�D�XQLTXH�VXESRSXODWLRQ�RI�(��FROL�2����+��VWUDLQV�LQ�FDWWOH��3URF��1DWO�

$FDG��6FL��86$������

�� $OWPDQ�� 5�� %�� �������� %LRLQIRUPDWLFV� LQ� 6XSSRUW� RI� 0ROHFXODU� 0HGLFLQH�� ,Q� &�*�

&KXWH��(G���3URFHHGLQJV�RI� WKH������$0,$�$QQXDO�6\PSRVLXP��2UODQGR��)/������

���

�� &RRSHU�� *�� �������� $Q� HYDOXDWLRQ� RI� PDFKLQH�OHDUQLQJ� PHWKRGV� IRU� SUHGLFWLQJ

SQHXPRQLD�PRUWDOLW\��$UWLILFLDO�,QWHOOLJHQFH�LQ�0HGLFLQH���

�� 7HVDXUR��*����������3UDFWLFDO� LVVXHV�LQ� WHPSRUDO�GLIIHUHQFH� OHDUQLQJ��0DFKLQH� OHDUQLQJ�

����������

�� 7HVDXUR��*���������7HPSRUDO�GLIIHUHQFH�OHDUQLQJ�DQG�7'�JDPPRQ��&RPPXQLFDWLRQ�RI

WKH�$&0���������������
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��� 7KHRGRULGLV��6��DQG�.RQVWDQWLQRV�.RXWURXPEDV����������3DWWHUQ�5HFRJQLWLRQ�$FDGHPLF

3UHVV�

��� 6WULQJHU��3����������&OXVWHU�DQDO\VLV�RI�QRQ�YHUEDO�MXGJHPHQW�RI�IDFLDO�H[SUHVVLRQ��%U�

-�0DWK��6WDWLVW��3V\FKRO������������

��� 6RORPDQ�� +�� �������� 1XPHULFDO� WD[RQRP\�� � 0DWKHPDWLFV� LQ� WKH� $UFKDHRORJLFDO� DQG

+LVWRULFDO�6FLHQFHV��+REVRQ�)�5���.HQGDOO�'�*���7DXWX�3�$���HGV����8QLYHUVLW\�3UHVV�

��� (LVHQ�� 0�� DQG� 3�� %URZQ�� �������� '1$� DUUD\V� IRU� DQDO\VLV� RI� JHQH� H[SUHVVLRQ�� ,Q

0HWKRGV�LQ�(Q]\PRORJ\��������������

��� &DOLIDQR�� $��� *�� 6WRORYLW]N\�� DQG� <�� K�� 7X� �������� $QDO\VLV� RI� JHQH� H[SUHVVLRQ

PLFURDUUD\V�IRU�SKHQRW\SH�FODVVLILFDWLRQ��3URFHHGLQJV�RI�WKH�(LJKWK�,QWHUQDWLRQDO�&RQIHUHQFH

RQ�,QWHOOLJHQW�6\VWHPV�IRU�0ROHFXODU�%LRORJ\�

��� �9DQ�6RPHUHQ��(�3��/�)�$��:HVVHOV��DQG�0�-�7�5HLQGHUV���������/LQHDU�PRGHOLQJ�RI

JHQHWLF�QHWZRUNV�IURP�H[SHULPHQWDO�GDWD��3URFHHGLQJV�RI�WKH�(LJKWK�,QWHUQDWLRQDO�&RQIHUHQFH

RQ�,QWHOOLJHQW�6\VWHPV�IRU�0ROHFXODU�%LRORJ\�

��� (LVHQ�� 0��� 6SHOOPDQ�� 3��� %URZQ�� 3�� DQG� %RWWVWHLQ�� '�� ������� &OXVWHU� DQDO\VLV� DQG

GLVSOD\� RI� JHQRPH�ZLGH� H[SHUHVVLRQ� SDWWHUQV�� 3URFHHGLQJV� RI� WKH� 1DWLRQDO� $FDGHP\� RI

6FLHQFH�RI�WKH�86$��������������������

��� 6KDUDQ��5��DQG�5��6KDPLU���������&/,&.��$�FOXVWHULQJ�DOJRULWKP�ZLWK�DSSOLFDWLRQV�WR

*HQH�([SUHVVLRQ�$QDO\VLV��3URFHHGLQJV� RI� WKH�(LJKWK� ,QWHUQDWLRQDO�&RQIHUHQFH� RQ� ,QWHOOLJHQW

6\VWHPV�IRU�0ROHFXODU�%LRORJ\�

��� 6RORPRQ��0��(����������3RSXODWLRQ�'\QDPLFV��7KH�*DPHORW�3UHVV�/WG��*UHDW�%ULWDLQ�

��� 7VXFKL\D��+��0���$��*��)UHGULFNVRQ���DQG�5��$ULV����������'\QDPLFV�RI�PLFURELDO�FHOO

SRSXODWLRQV��$GY��&KHP��(QJ��������
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��� )UHGULFNVRQ��$��*���5��'��0H*HH��DQG�+��0��7VXFKL\D����������0DWKHPDWLFDO�PRGHOV

IRU�IHUPHQWDWLRQ�SURFHVV��$GY��$SSO��0LFURELRO��������������

��� )UHGULFNVRQ��$��*���'��5DPNULVKQD�� DQG�+��0��7VXFKL\D�� �������� 7KH� QHFHVVLW\� RI

LQFOXGLQJ� VWUXFWXUH� LQ�PDWKHPDWLFDO�PRGHOV�RI� XQEDODQFHG�PLFURELDO� JURZWK��&KHP�

(QJ��3URJ��6\PS��6HU����������������

��� /HZLV��5��(����������1HWZRUN�0RGHO�,Q�3RSXODWLRQ�%LRORJ\��6SULQJHU�9HUODJ�%HUOLQ�

��� %D]LQ��-��0����������0LFURELDO�3RSXODWLRQ�'\QDPLFV��&5&�3UHVV�

��� 5DWNRZVN\��'�$���-�2OOH\��7�$��0F0HHNLQ�DQG�$��%DOO�����������5HODWLRQVKLS�EHWZHHQ

WHPSHUDWXUH�DQG�JURZWK�UDWH�RI�EDFWHULDO�FXOWXUHV��-RXUQDO�RI�%DFWHULRORJ\���������

��� 9DQ� ,PSH�� -�)��� %�� 0�� 1LFRODL�� 0LD� 6FKHOOHNHUV�� 7�� 0DUWHQV�� -�� '�� %DHUGHPDFNHU

��������3UHGLFWLYH�PLFURELRORJ\�LQ�D�G\QDPLF�HQYLURQPHQW��D�V\VWHP�WKHRU\�DSSURDFK

,QWHUQDWLDO�-RXUQDO�RI�)RRG�0LFURELRORJ\������������

��� 6FKPLGW��7��0��DQG�'�$��5HOPDQ�� ��������3K\ORJHQHWLF� LGHQWLILFDWLRQ�RI�XQFXOWXUHG

SDWKRJHQV� XVLQJ� ULERVRPDO� 51$� VHTXHQFHV�� ,Q� 9�� &ODUN� DQG� 3�� 0�� %DYRLO� �HGV��

%DFWHULDO�3DWKRJHQHVLV���������

��� /HQVNL�5��(���-��$��0RQJROG��3��'��6QLHJRZVNL��0��7UDYLVDQR��)��9DVL��3�� -��*HUULVK

DQG� 7�� 0�� 6FKPLGW� �������� (YROXWLRQ� RI� FRPSHWLWLYH� ILWQHVV� LQ� H[SHULPHQWDO

SRSXODWLRQV�RI�(��FROL��:KDW�PDNHV�RQH�JHQRW\SH�D�EHWWHU�FRPSHWLWRU� WKDQ�DQRWKHU�

$QWRQLH�YDQ�/HHZHQKRFN�

��� *XWWPDQ��'��6��DQG�'\NKXL]HQ��'��(����������'HWHFWLQJ�VHOHFWLYH�VZHHSV�LQ�QDWXUDOO\

RFFXUULQJ�(VFKHULFKLD�&ROL��*HQHWLFV��������������

��� 1RUYDN�� %�� DQG� -�� -�7\VRQ� �������� 4XDQWLWDWLYH� $QDO\VLV� RI� D�0ROHFXODU� 0RGHO� RI

0LWRWLF�&RQWURO�LQ�)LVVLRQ�<HDVW��-�7KHRU��%LRO�������������
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30. +HUEVWHU��0��DQG�0��.��:DUPXWK�� ��������7UDFNLQJ�WKH�EHVW�UHJUHVVRU��3URFHHGLQJV�RI

WKH���WK�$QQXDO�&RQIHUHQFH�RQ�&RPSXWLQJ�/HDUQLQJ�7KHRU\��������

31. .LYLQHQ��-��DQG�0��.��:DUPXWK�� ��������5HODWLYH� ORVV�ERXQGV� IRU�PXOWLGLPHQVLRQDO

UHJUHVVLRQ� SUREOHPV�� ,Q�$GYDQFHV� LQ�1HXUDO� ,QIRUPDWLRQ� 3URFHVVLQJ� 6\VWHPV�� &DPEULGJH�

0�$���0,7�3UHVV�

32. %URZQ��3��DQG�3��5RWKHU\���������0RGHOV�LQ�%LRORJ\��0DWKHPDWLFV��6WDWLVWLFV�DQG�&RPSXWLQJ�

-RKQ�:LOH\�	�6RQV�/WG��(QJODQG�

33. :LOOLDP��+��3���6��$��7HXNROVN\��:��7��9HWWHUOLQJ�DQG�%��3��)ODQQHU\��������1XPHULFDO

5HFHLSWV�LQ�&��7KH�$UW�RI�6FLHQWLILF�&RPSXWLQJ��&DPEULGJH�8QLYHUVLW\�3UHVV�

34. .LYLQHQ�� -�� DQG�0��.��:DUPXWK�� �������� ([SRQHQWLDWHG�*UDGLHQW�9HUVXV�*UDGLHQW

'HVFHQW� IRU� /LQHDU� 3UHGLFWRUV�� 3URFHHGLQJV� RI� WKH� �� $QQXDO� $&0� 6\PSRVLXP� RQ� WKH

7KHRU\�RI�&RPSXWLQJ��1HZ�<RUN��$&0�3UHVV�
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$SSHQGL[� $�� 6DPSOH� RI� '1$� (OHFWURSKRUHVLV� *HO� DQG

3DUW�RI�LWV�&RUUHVSRQGLQJ�%LQDU\�)LOH

6DPSOH�RI�'1$�HOHFWURSKRUHVLV�JHO�SDWWHUQ�DQG� WKH�SDUW�RI� WKH�ELW� VWULQJV�FRQYHUWHG� IURP
WKH�PLGGOH� �� FROXPQV�RQ� WKH� JHO�� ,I� WKHUH� H[LVWV� D� EDQG� DW� FHUWDLQ� SRVLWLRQ�� �� LV� REWDLQHG�
RWKHU�ZLVH��LW�LV���

              

1 0 1 1 0 1 0 1 1 1 1…

1 0 1 1 0 1 0 1 0 0 0…

1 0 1 1 0 1 1 1 1 1 1…

1 0 1 1 1 0 1 1 1 1 0…

1 0 1 1 1 0 1 1 1 1 1…

1 0 1 1 0 1 0 0 1 1 0…

Bit string (bit vector)
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$SSHQGL[�%��([DPSOH�RI�&OXVWHULQJ�3URFHGXUH

%���([DPSOH� RI� D� VPDOO� GDWD� ILOH� FRQWDLQLQJ� �� ELW� VWULQJV� FRQYHUWHG� IURP� FRUUHVSRQGLQJ

'1$��HOHFWURSKRUHVLV�JHO�SDWWHUQ

%���7KH�GLVVLPLODULW\�PDWUL[�DW�WKH�LQLWLDOL]DWLRQ�VWHS�EXLOG�IURP�WKH�DERYH�GDWD�ILOH�WKURXJK
08$6�FOXVWHULQJ�DOJRULWKP

%���7KH�'HQGURJUDP�SURGXFHG�E\�08$6�FOXVWHULQJ�DOJRULWKP�IRU�WKH�DERYH�GDWD�ILOH

ab1    0 0     0       0       0  0    0       0       0       1
ab2    0 0     0       1       0  1    1       1       1       1
ab3    0 0     0       1       1  1    1       0       1       1
ab4    1 1     1       1       1  1    1       1       1       1
ab5    1 0     0       0       0  0    0       0       0       0
ab6    0 0     0       1       1  1    1       0       1       1
ab7    0 0     1       1       0  1    0       0       0       1

      ab1  ab2  ab3  ab4  ab5  ab6  ab7
ab1   0
ab2   5      0
ab3   5      2      0
ab4   9      4      4      0
ab5   2      7      7      9      0
ab6   5      2      0      4      7      0
ab7   3      4      4      6      5      4       0
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$SSHQGL[�&��([SHULPHQWDO�3URFHGXUH�IRU�$UWLILFLDO�'DWD

5HDO�GDWD�ILOH�FRQWDLQLQJ�WKH�ELW�VWULQJV

1HZ�VWDUWLQJ�GDWD�ILOHV�ZLWK�GLIIHUHQW�KRVWV�DQG�WLPH�SRLQWV

'DWD�JHQHUDWLRQ�VWHS��

08$6�FOXVWHULQJ�DOJRULWKP�WR�LGHQWLI\�GLIIHUHQW�KRPRJHQRXV
JURXSV�DPRQJ�(��FROL��SRSXODWLRQ

2EWDLQ�WKH�DEXQGDQFH�YDOXH�RI�HDFK�LQGLYLGXDO�JURXS�DW�WKH
VWDUWLQJ�WLPH

'DWD�JHQHUDWLRQ�VWHS��

*HQHUDWLRQ�RI�DEXQGDQFH�YDOXH�DW�VXFFHVVLYH�WLPH�SRLQWV
DFFRUGLQJ�WR�GLIIHUHQW�JURZWK��PRGHO�IRU�HDFK�LQGLYLGXDO
JURXS

'DWD�$QDO\VLV���VWDQGDUG��UHJUHVVLRQ�DQG�*'


